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Abstract
In this paper we study the existence of local, global mild solu-
tion for the abstract fractional integro-differential Cauchy prob-
lem

𝐷𝛼
𝑡 𝑢(𝑡) = 𝐴𝑢(𝑡) +

∫ 𝑡

0
𝐵(𝑡 − 𝑠)𝑢(𝑠)𝑑𝑠 + 𝑓 (𝑡, 𝑢(𝑡)), (1)

𝑢(0) = 𝑢0 ∈ 𝑋, (2)

where 𝐷𝛼
𝑡 𝑢 represents the Caputo derivative for 𝛼 ∈ (0, 1),

𝐴, (𝐵(𝑡))𝑡≥0 are closed linear operators defined on a common
domain which is dense in a Banach space 𝑋 and 𝑓 satisfies
appropriated conditions.
Keywords: Integro-differential equations. resolvent of opera-
tors. fractional differential equation. global mild solution.
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1 Introdução
In this paper we study the existence of local and global solution for the abstract fractional

integro-differential system. For this purpose, we introduce the theory of resolvent operator studied
in (SANTOS, 2019) for the fractional integro-differential problem

𝐷𝛼
𝑡 𝑢(𝑡) = 𝐴𝑢(𝑡) +

∫ 𝑡

0
𝐵(𝑡 − 𝑠)𝑢(𝑠)𝑑𝑠, 𝑡 ≥ 0, (3)

𝑢(0) = 𝑢0. (4)

where 𝐴, (𝐵(𝑡))𝑡≥0 are closed linear operators defined on a common domain which is dense in a
Banach space (𝑋, ∥ · ∥), and 𝐷𝛼

𝑡 ℎ(𝑡) represents the Caputo derivative of 𝛼 ∈ (0, 1) defined by

𝐷𝛼
𝑡 ℎ(𝑡) :=

∫ 𝑡

0
𝑔1−𝛼 (𝑡 − 𝑠)ℎ′(𝑠)𝑑𝑠,

where 𝑔1−𝛼 is the Gelfand-Shilov function 𝑔𝛽 (𝑡) := 𝑡𝛽−1

Γ(𝛽) , 𝑡 > 0, with 𝛽 = 1 − 𝛼.
In the past decades, considerable attention has been attracted to the theory of resolvent operator

for integro-differential equations. We refer to the book by Gripenberg et. al. (GRIPENBERG;
LONDEN; STAFFANS, 1990) for the case where the underlying space 𝑋 has finite dimension. For
abstract integro-differential equations on infinite dimensional spaces, we cite the book by Prüss
(PRÜSS, 2013) and the papers of Da Prato et al. (DA PRATO; IANNELLI, 1985; DA PRATO;
LUNARDI, 1988), Grimmer et al. (GRIMMER; KAPPEL, 1984; GRIMMER; PRITCHARD, 1983;
GRIMMER; PRÜSS, 1985), Lunardi (LUNARDI, 1990, 1985), Sforza (SFORZA, 1991) and Dos
Santos et al. (SANTOS; HENRÍQUEZ, 2015; SANTOS; HENRÍQUEZ; HERNÁNDEZ, 2011).
With a resolvent family also it is possible study a existence and regularity of solutions for fractional
integro-differential equations (AGARWAL; SANTOS; CUEVAS, 2012; LI; SUN; FENG, 2016a).

Regarding the fractional differential equations in spaces of infinite dimension this problem has
been extensive studied, we can mention the pioner thesis of Bajlekova (BAJLEKOVA et al., 2001)
and the works of (HERNÁNDEZ; O’REGAN; BALACHANDRAN, 2013; LI; SUN; FENG, 2016b;
KEYANTUO; LIZAMA; WARMA, 2013; LI; SUN; FENG, 2016a; WANG; CHEN; XIAO, 2012;
ZHOU; JIAO, 2010) and references therein. For abstract fractional integro-differential equations in
infinite dimension we suggest the articles Agarwal et. al. (AGARWAL; SANTOS; CUEVAS, 2012)
in the case of 𝛼 ∈ (1, 2), the book of Kostić (KOSTIC, 2015), Ponce (PONCE, 2013) and Herzallah
et. al. (EL-SAYED; HERZALLAH, 2005) when 𝐵(𝑡) = 𝑎(𝑡)𝐴, 𝑡 ≥ 0. To the best of the authors’
knowledge, a continuation solutions theorem of mild solutions for the (3)-(4) with 𝛼 ∈ (0, 1) is a
subject that has not been treated in the literature. This is the principal motivation of this paper.

This work has three Sections. In Section 2, we comment about the theory of 𝛼-resolvent
operator introduced in (SANTOS, 2019) for the better understanding of work. In Section 3, we show
the existence of local, global existence and uniqueness of mild solution for the non-homogeneous
equation (1)-(2) is discussed.

By 𝐷𝛼
𝑡 ℎ(𝑡) we denoted the Caputo derivative of 𝛼 > 0 defined by (SAMKO; KILBAS;

MARICHEV, 1993)

𝐷𝛼
𝑡 ℎ(𝑡) :=

∫ 𝑡

0
𝑔𝑛−𝛼 (𝑡 − 𝑠)

𝑑𝑛

𝑑𝑠𝑛
ℎ(𝑠)𝑑𝑠,

where 𝑛 is the smallest integer greater than or equal to 𝛼 and 𝑔𝛽 (𝑡) := 𝑡𝛽−1

Γ(𝛽) , 𝑡 > 0, 𝛽 ≥ 0. These
functions satisfy the semigroup property

𝑔𝛼 ∗ 𝑔𝛽 = 𝑔𝛼+𝛽.
DOS SANTOS, J. P. C. Continuation of mild solution for abstract fractional integro-differential equations. C.Q.D. – Revista Eletrônica Paulista de
Matemática, Bauru, v. 22, n. 2, p. 135–152, set. 2022. Edição Brazilian Symposium on Fractional Calculus.
DOI: 10.21167/cqdv22n22022135152 Disponível em: www.fc.unesp.br/departamentos/matematica/revista-cqd

136



If we denote

𝐽𝛼𝑡 𝑓 (𝑡) = (𝑔𝛼 ∗ 𝑓 ) (𝑡) =
∫ 𝑡

0
𝑔𝛼 (𝑡 − 𝑠) 𝑓 (𝑠)𝑑𝑠, (5)

we have

𝐷𝛼
𝑡 𝐽

𝛼
𝑡 𝑓 (𝑡) = 𝑓 (𝑡), (6)

𝐽𝛼𝑡 𝐷
𝛼
𝑡 𝑓 (𝑡) = 𝑓 (𝑡) −

𝑛−1∑︁
𝑘=0

𝑓 (𝑘) (0) 𝑡
𝑘

𝑘!
. (7)

Applying the properties of the Laplace transform and taking into account that 𝑔𝛼 (𝜆) = 𝜆−𝛼, we
obtain

𝐷𝛼
𝑡 𝑓 (𝜆) = 𝜆𝛼 𝑓 (𝜆) −

𝑛−1∑︁
𝑘=0

𝑓 (𝑘) (0)𝜆𝛼−1−𝑘 , (8)

(see (BAJLEKOVA et al., 2001; SAMKO; KILBAS; MARICHEV, 1993) for details.)
Throughout this paper, let (𝑍, ∥ · ∥𝑍 ) and (𝑊, ∥ · ∥𝑊 ) be Banach spaces. We denote by L(𝑍,𝑊)

the space of bounded linear operators from 𝑍 into𝑊 endowed with norm of operators, and we write
simply L(𝑍) when 𝑍 = 𝑊 . By R(𝑄) we denote the range of a map𝑄 and for a closed linear operator
𝑃 : 𝐷 (𝑃) ⊆ 𝑍 → 𝑊 , the notation [𝐷 (𝑃)] represents the domain of 𝑃 endowed with the graph
norm, ∥𝑧∥1 = ∥𝑧∥𝑍 + ∥𝑃𝑧∥𝑊 , 𝑧 ∈ 𝐷 (𝑃). The notation, 𝐵(𝑥, 𝑅) and 𝐵[𝑥, 𝑅] represent the open ball
and the closed ball respectively with center at 𝑥 and radius 𝑅 > 0 in 𝑋 . Let 𝐼 ⊂ R, by 𝐶 (𝐼, 𝑋) we
denote the space of continuous functions defined on 𝐼 into 𝑋 and 𝐶1(𝐼, 𝑋) stands for the space of
continuous functions from 𝐼 to 𝑋 having continuous derivative. We define the space 𝐶𝛼 (𝐼, 𝑋), by

𝐶𝛼 (𝐼, 𝑋) := {𝑥 ∈ 𝐶 (𝐼, 𝑋) : 𝐷𝛼
𝑡 𝑥 ∈ 𝐶 (𝐼, 𝑋)}.

We denote by 𝐿𝑝 (𝐼, 𝑋) the set of all meansurable functions 𝑢(·) on 𝐼, into 𝑋 such that ∥ 𝑢(𝑡) ∥𝑝

is integrable ans its norm is given by ∥ 𝑢 ∥𝐿𝑝 (𝐼,𝑋)=
(∫
𝐼
∥ 𝑢(𝑡) ∥𝑝

) 1
𝑝 ; similarly, by 𝐿𝑝

𝑙𝑜𝑐
(R+, 𝑋) we

denote the space of the functions belonging 𝐿𝑝 (𝐼, 𝑋) for any compact set 𝐼 ⊂ R+. When 𝑋 = R𝑛,
for some 𝑛, we denote for simplicity by 𝐶 (𝐼), 𝐶1(𝐼), 𝐶𝛼 (𝐼), 𝐿𝑝 (𝐼) and 𝐿𝑝

𝑙𝑜𝑐
(R+) respectively. The

notation 𝜌(𝑃) stands for the resolvent set of 𝑃 and 𝑅(𝜆, 𝑃) = (𝜆𝐼 − 𝑃)−1 is the resolvent operator of
𝑃. Furthermore, for appropriate functions 𝐾 : [0,∞) → 𝑍 and 𝑆 : [0,∞) → L(𝑍,𝑊), the notation
𝐾 denotes the Laplace transform of 𝐾 and 𝑆 ∗ 𝐾 the convolution between 𝑆 and 𝐾 , which is defined
by 𝑆 ∗ 𝐾 (𝑡) =

∫ 𝑡
0 𝑆(𝑡 − 𝑠)𝐾 (𝑠)𝑑𝑠.

2 Preliminaries
To begin, we introduce the following concept of resolvent operator for the abstract fractional

integro-differential problem (3)-(4).

Definition 1 A one parameter family of bounded linear operators (R𝛼 (𝑡))𝑡≥0 on 𝑋 is called a
𝛼-resolvent operator of (3)-(4) if the following conditions are verified.

(a) The function R𝛼 (·) : [0,∞) → L(𝑋) is strongly continuous and R𝛼 (0)𝑥 = 𝑥 for all 𝑥 ∈ 𝑋

and 𝛼 ∈ (0, 1).
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(b) For 𝑥 ∈ 𝐷 (𝐴), R𝛼 (·)𝑥 ∈ 𝐶 ( [0,∞), [𝐷 (𝐴)])⋂𝐶𝛼 ((0,∞), 𝑋), and

𝐷𝛼
𝑡 R𝛼 (𝑡)𝑥 = 𝐴R𝛼 (𝑡)𝑥 +

∫ 𝑡

0
𝐵(𝑡 − 𝑠)R𝛼 (𝑠)𝑥𝑑𝑠 (9)

= R𝛼 (𝑡)𝐴𝑥 +
∫ 𝑡

0
R𝛼 (𝑡 − 𝑠)𝐵(𝑠)𝑥𝑑𝑠, (10)

for every 𝑡 ≥ 0.

In this work we always assume that the following conditions are verified.

(H1) The operator 𝐴 : 𝐷 (𝐴) ⊆ 𝑋 → 𝑋 is a closed linear operator with [𝐷 (𝐴)] dense in 𝑋 , for
some 𝜙 ∈ ( 𝜋2 , 𝜋) there is positive constants 𝐶0 = 𝐶0(𝜙) such that 𝜆 ∈ 𝜌(𝐴) for each

Σ0,𝜙 = {𝜆 ∈ C :| 𝑎𝑟𝑔(𝜆) |< 𝜙} ⊂ 𝜌(𝐴),

and ∥ 𝑅(𝜆, 𝐴) ∥≤ 𝐶0
| 𝜆 | for all 𝜆 ∈ Σ0,𝜙.

(H2) For all 𝑡 ≥ 0, 𝐵(𝑡) : 𝐷 (𝐵(𝑡)) ⊆ 𝑋 → 𝑋 is a closed linear operator, 𝐷 (𝐴) ⊆ 𝐷 (𝐵(𝑡)) and
𝐵(·)𝑥 is strongly measurable on (0,∞) for each 𝑥 ∈ 𝐷 (𝐴). There exists 𝑏(·) ∈ 𝐿1

𝑙𝑜𝑐
(R+)

such that 𝑏̂(𝜆) exists for 𝑅𝑒(𝜆) > 0 and ∥ 𝐵(𝑡)𝑥 ∥≤ 𝑏(𝑡) ∥ 𝑥 ∥1 for all 𝑡 > 0 and 𝑥 ∈
𝐷 (𝐴). Moreover, the operator valued function 𝐵 : Σ0,𝜋/2 → L([𝐷 (𝐴)], 𝑋) has an analytical
extension (still denoted by 𝐵) to Σ0,𝜙 such that ∥𝐵(𝜆)𝑥∥ ≤ ∥𝐵(𝜆)∥ ∥𝑥∥1 for all 𝑥 ∈ 𝐷 (𝐴), and
∥𝐵(𝜆)∥ = 𝑂 ( 1

|𝜆 | ), as |𝜆 | → ∞.

(H3) There exists a subspace 𝐷 ⊆ 𝐷 (𝐴) dense in [𝐷 (𝐴)] and positive constants 𝐶𝑖, 𝑖 = 1, 2, such
that 𝐴(𝐷) ⊆ 𝐷 (𝐴), 𝐵(𝜆) (𝐷) ⊆ 𝐷 (𝐴), ∥𝐴𝐵(𝜆)𝑥∥ ≤ 𝐶1∥𝑥∥ for every 𝑥 ∈ 𝐷 and all 𝜆 ∈ Σ0,𝜙.

Remark 1 We note that conditions of type (H2) and (H3) have been previously considered in
the literature; see (SANTOS; HENRÍQUEZ, 2015; SANTOS; HENRÍQUEZ; HERNÁNDEZ, 2011;
GRIMMER; PRITCHARD, 1983) for details.

In the sequel, for 𝑟 > 0 and 𝜃 ∈ ( 𝜋2 , 𝜙),

Σ𝑟,𝜃 = {𝜆 ∈ C :| 𝜆 |≥ 𝑟, and | 𝑎𝑟𝑔(𝜆) |< 𝜃}.

In addition, 𝜌(𝐹𝛼) and 𝜌(𝐺𝛼) are the sets

𝜌(𝐹𝛼) = {𝜆 ∈ C : 𝐹𝛼 (𝜆) := (𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))−1 ∈ L(𝑋)} and

𝜌(𝐺𝛼) = {𝜆 ∈ C : 𝐺𝛼 (𝜆) := 𝜆𝛼−1(𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))−1 ∈ L(𝑋)}.
We next study some preliminary properties needed to establish existence of a 𝛼-resolvent operator

for the problem (1)-(2). The proof of the nexts rsults can be found (SANTOS, 2019).
In the rest of this paper we assume the conditions (Hi), 𝑖 = 1, 2, 3, holds, 𝑟, 𝜃 are numbers such

that 𝑟 > 𝑟1 and 𝜃 ∈ (𝜋/2, 𝜙). By Γ𝑟,𝜃 , Γ
𝑖
𝑟,𝜃

, 𝑖 = 1, 2, 3, we define the paths

Γ1
𝑟,𝜃 = {𝑡𝑒𝑖𝜃 : 𝑡 ≥ 𝑟}, Γ2

𝑟,𝜃 = {𝑟𝑒𝑖𝜉 : −𝜃 ≤ 𝜉 ≤ 𝜃} and Γ3
𝑟,𝜃 = {𝑡𝑒−𝑖𝜃 : 𝑡 ≥ 𝑟},

and Γ𝑟,𝜃 =
⋃3
𝑖=1 Γ

𝑖
𝑟,𝜃

oriented counterclockwise.
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Remark 2 The properties about the families 𝐺𝛼 and 𝐹𝛼 were established in in (SANTOS, 2019).

We start defining the 𝛼-resolvent families for the problem (3)-(4) with 𝛼 ∈ (0, 1).

Definition 2 We define the operator family (R𝛼 (𝑡))𝑡≥0 by

R𝛼 (𝑡) =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐺𝛼 (𝜆)𝑑𝜆, 𝑡 ≥ 0, (11)

and the auxiliary resolvent operator family (S𝛼 (𝑡))𝑡≥0 by

S𝛼 (𝑡) =
𝑡1−𝛼

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆, 𝑡 ≥ 0. (12)

Remark 3 When 𝐵(𝑡) = 0, for all 𝑡 ≥ 0, the operators family (R𝛼 (𝑡))𝑡≥0 and (S𝛼 (𝑡))𝑡≥0 co-
incide with operators family (𝐸𝛼 (𝑡𝛼𝐴))𝑡≥0 and (𝐸𝛼,𝛼 (𝑡𝛼𝐴))𝑡≥0 respectively, for more details by
(𝐸𝛼 (𝑡𝛼𝐴))𝑡≥0 and (𝐸𝛼,𝛼 (𝑡𝛼𝐴))𝑡≥0 see (ANDRADE et al., 2015; BAJLEKOVA et al., 2001; CAR-
VALHO NETO, 2013) and the references therein.

We next will establish some properties of (R𝛼 (𝑡))𝑡≥0 and (S𝛼 (𝑡))𝑡≥0 family.

Theorem 1 The operator function R𝛼 (·) is:

(i) exponentially bounded in L(𝑋);

(ii) exponentially bounded in L([𝐷 (𝐴)]);

(iii) strongly continuous on [0,∞) and uniformly continuous on (0,∞);

(iv) strongly continuous on [0,∞) in L([𝐷 (𝐴)]).

Comment: Proof of (𝑖). If 𝑡 > 1, from (11) we get

∥ R𝛼 (𝑡) ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐺𝛼 (𝜆)𝑑𝜆 ∥

≤ 𝐶

𝜋

∫ ∞

𝑟

𝑒𝑡𝑠 cos 𝜃 𝑑𝑠

𝑠
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑡𝑟 cos 𝜉𝑑𝜉

≤
(

𝐶

𝜋𝑟 | cos 𝜃 | +
𝐶𝜃

𝜋

)
𝑒𝑟𝑡 .

If 𝑡 ∈ (0, 1), using that 𝐺𝛼 (·) is analytic on Σ𝑟,𝜃 , we get

∥ R𝛼 (𝑡) ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟
𝑡 , 𝜃

𝑒𝜆𝑡𝐺𝛼 (𝜆)𝑑𝜆 ∥

≤ 𝐶

𝜋

∫ ∞

𝑟
𝑡

𝑒𝑡𝑠 cos 𝜃 𝑑𝑠

𝑠
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos 𝜉𝑑𝜉

≤
(
𝐶

𝜋

∫ ∞

𝑟

𝑒𝑢 cos 𝜃 𝑑𝑢

𝑢
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos 𝜉𝑑𝜉

)
≤

(
𝐶

𝜋𝑟 | cos 𝜃 | +
𝐶𝜃

𝜋

)
𝑒𝑟 .
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This shows (𝑖)
Proof of (𝑖𝑖). From (11) that the integral in

𝑅(𝑡) = 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐴𝐺𝛼 (𝜆)𝑑𝜆, 𝑡 > 0,

is absolutely convergent in L([𝐷 (𝐴)], 𝑋) and defines a linear operator

𝑅(𝑡) ∈ L([𝐷 (𝐴)], 𝑋).

Using that 𝐴 is closed, we can affirm that 𝑅(𝑡) = 𝐴R𝛼 (𝑡).
From Lemma, 𝐺𝛼 : Σ𝑟,𝜗 → L([𝐷 (𝐴)]) is analytic and ∥ 𝐺𝛼 (𝜆) ∥1≤ 𝐶 |𝜆 |−1. If 𝑡 > 1 and

𝑥 ∈ 𝐷 (𝐴), we get

∥ 𝐴R𝛼 (𝑡)𝑥 ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐴𝐺𝛼 (𝜆)𝑥𝑑𝜆 ∥

≤
(
𝐶

𝜋

∫ ∞

𝑟

𝑒𝑡𝑠 cos 𝜃 𝑑𝑠

𝑠
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑡𝑟 cos 𝜉𝑑𝜉

)
∥ 𝑥 ∥1

≤
(

𝐶

𝜋𝑟 | cos 𝜃 | +
𝐶𝜃

𝜋

)
𝑒𝑟𝑡 ∥ 𝑥 ∥1 .

For 𝑡 ∈ (0, 1) and 𝑥 ∈ 𝐷 (𝐴) we get

∥ 𝐴R𝛼 (𝑡)𝑥 ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟
𝑡 , 𝜃

𝑒𝜆𝑡𝐴𝐺𝛼 (𝜆)𝑥𝑑𝜆 ∥

≤ 𝐶

𝜋

∫ ∞

𝑟
𝑡

𝑒𝑡𝑠 cos 𝜃 𝑑𝑠

𝑠
∥ 𝑥 ∥1

+ 𝐶
2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos 𝜉𝑑𝜉 ∥ 𝑥 ∥1

≤
(

𝐶

𝜋𝑟 | cos 𝜃 | +
𝐶𝜃

𝜋

)
𝑒𝑟 ∥ 𝑥 ∥1 .

From before we obtain R(·) is exponentially bounded in L([𝐷 (𝐴)]).
Proof of (𝑖𝑖𝑖.) It is clear from (11) that R𝛼 (·)𝑥 is uniformly and strongly continuous at 𝑡 > 0 for

every 𝑥 ∈ 𝑋 . We next establish the strongly continuity at 𝑡 = 0. Using that

1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝜆−1𝑒𝜆𝑡𝑑𝜆 = lim
𝑁→∞

1
2𝜋𝑖

∫
{Γ𝑟 , 𝜃 : 𝑟≤𝑠≤𝑁}∪𝐶𝑁, 𝜃

𝜆−1𝑒𝜆𝑡𝑑𝜆 = 1,

where 𝐶𝑁, 𝜃 represent the curve 𝑁𝑒𝑖𝜉 for 𝜃 ≤ 𝜉 ≤ 2𝜋 − 𝜃. For 𝑥 ∈ 𝐷 (𝐴) and 0 < 𝑡 ≤ 1 we get

R𝛼 (𝑡)𝑥 − 𝑥 =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

(
𝑒𝜆𝑡𝐺𝛼 (𝜆)𝑥 − 𝜆−1𝑒𝜆𝑡𝑥

)
𝑑𝜆

=
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥 𝑑𝜆.

Furthermore, it follows, and assumption (H2) that

∥ 𝑒𝜆𝑡𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥 ∥≤ 𝑒𝑟𝐶

(
1

| 𝜆 |𝛼+1

)
= 𝐻 (𝜆),
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where 𝐻 (·) is integrable for 𝜆 ∈ Γ𝑟, 𝜃 . From the Lebesgue dominated convergence theorem we infer
that

lim
𝑡→0+

(R𝛼 (𝑡)𝑥 − 𝑥) =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥𝑑𝜆. (13)

Let now 𝐶𝐿, 𝜃 be the curve 𝐿𝑒𝑖𝜉 for −𝜃 ≤ 𝜉 ≤ 𝜃. Turning to apply the Cauchy’s Theorem combining
with the estimate

∥
∫
𝐶𝐿, 𝜃

𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥𝑑𝜆 ∥≤ 𝐶𝜃

𝐿𝛼

we obtain
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥𝑑𝜆

= lim
𝐿→∞

1
2𝜋𝑖

∫
{Γ𝑟 , 𝜃 : 𝑟≤𝑠≤𝐿}∪𝐶𝐿, 𝜃

𝜆−1𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥𝑑𝜆 = 0,

we can affirm that lim𝑡→0+ ∥ R𝛼 (𝑡)𝑥 − 𝑥 ∥= 0 for all 𝑥 ∈ 𝐷 (𝐴), which completes the proof of the
strongly continuity on L(𝑋) since 𝐷 (𝐴) is dense in 𝑋 and R𝛼 (·) is bounded on [0, 1] by (𝑖).

Proof of (𝑖𝑣). For 𝑥 ∈ 𝐷, proceeding as in the proof of (𝑖𝑖𝑖), we have

𝐴R𝛼 (𝑡)𝑥 − 𝐴𝑥 =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝜆−1𝐴𝐹𝛼 (𝜆) (𝐴 + 𝐵(𝜆))𝑥 𝑑𝜆.

Using now that (𝐴 + 𝐵(𝜆))𝑥 ∈ 𝐷 (𝐴), the inequality and the assumption (H3) and proceeding as in
the proof of (𝑖𝑖𝑖) we can conclude that 𝐴R𝛼 (𝑡)𝑥 − 𝐴𝑥 → 0 as 𝑡 → 0. The above remarks shows
that ∥R𝛼 (𝑡)𝑥 − 𝑥∥1 → 0 as 𝑡 → 0 for all 𝑥 ∈ 𝐷 (𝐴), since 𝐷 is dense in [𝐷 (𝐴)] and R𝛼 (·) is
exponentially bounded in L([𝐷 (𝐴)]).

Theorem 2 The operator funtion 𝑡 → 𝑡𝛼−1S𝛼 (𝑡) is exponentially bounded in L(𝑋) and uniformly
(strong) continuous on (0,∞).

Comment: For 𝑡 ≥ 1, we have

∥ 𝑡𝛼−1S𝛼 (𝑡) ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆 ∥

≤
(
𝐶

𝜋

∫ ∞

𝑟

𝑒𝑠𝑡 cos 𝜃 𝑑𝑠

𝑠𝛼
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑡𝑟 cos 𝜉𝑟1−𝛼𝑑𝜉

)
≤

(
𝐶

𝜋𝑟𝛼 | cos 𝜃 | +
𝐶𝜃𝑟1−𝛼

𝜋

)
𝑒𝑟𝑡 .

Since 𝐹𝛼 (·) is analytic on Σ𝑟,𝜃 , for 𝑡 ∈ (0, 1) we get

∥ 𝑡𝛼−1S𝛼 (𝑡) ∥

= ∥ 1
2𝜋𝑖

∫
Γ𝑟
𝑡 , 𝜃

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆 ∥

≤ 𝐶

𝜋

∫ ∞

𝑟
𝑡

𝑒𝑡𝑠 cos 𝜃 𝑑𝑠

𝑠𝛼
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos 𝜉𝑑𝜉

≤
(

𝐶

𝜋𝑟𝛼 | cos 𝜃 | +
𝐶𝜃

𝜋
𝑟1−𝛼

)
𝑒𝑟 .
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This completes the proof of exponential boundedness.
For the uniform continuity, let 𝑡 > 0 and 𝑥 ∈ 𝑋, we have for 𝑅 > 𝑟 and 𝑠 > 0,

∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃∩{𝜆∈C:|𝜆 |≥𝑅}

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆 ∥≤ 𝐶

𝜋

∫ ∞

𝑅

𝑒𝑠𝜎 cos 𝜃 𝑑𝜎

𝜎𝛼
≤ 𝐶𝑒𝑠𝑅 cos(𝜃)

𝜋𝑠𝑅𝛼 | cos(𝜃) | .

Therefore, for all 𝜖 > 0, we can choose 𝑅𝑡 > 𝑟 such that for all 𝑠 ∈ [ 𝑡2 ,
3𝑡
2 ] we have

∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃∩{𝜆:|𝜆 |≥𝑅𝑡 }

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆 ∥≤ 𝜖

2
. (14)

On the other hand, 𝑒𝜆𝑠𝐹𝛼 (𝜆) → 𝑒𝜆𝑡𝐹𝛼 (𝜆) as 𝑠 → 𝑡, uniformly on Γ𝑟, 𝜃 ∩ {𝜆 ∈ C :| 𝜆 |≤ 𝑅𝑡}, this
implies, for all 𝜖 > 0, there exists 𝛿 > 0 such that

∥
∫
Γ𝑟 , 𝜃∩{𝜆∈C:|𝜆 |≤𝑅}

𝑒𝜆𝑠𝐹𝛼 (𝜆)𝑑𝜆 −
∫
Γ𝑟 , 𝜃∩{𝜆∈C:|𝜆 |≤𝑅}

𝑒𝜆𝑡𝐹𝛼 (𝜆)𝑑𝜆 ∥< 𝜖

2
. (15)

By (14) and (15) we obtain for all 𝜖 > 0, there exists 𝛿 > 0 such that if | 𝑡 − 𝑠 |< 𝛿 we have

∥ 𝑡𝛼−1S𝛼 (𝑡) − 𝑠𝛼−1S𝛼 (𝑠) ∥< 𝜖.

This completes the prove.

Corollary 3 Let 𝑓 ∈ 𝐿1
𝑙𝑜𝑐

(R+, 𝑋), then the convolution 𝑡𝛼−1S𝛼 (𝑡) ∗ 𝑓 (𝑡) =
∫ 𝑡
0 (𝑡 − 𝑠)

𝛼−1S𝛼 (𝑡 −
𝑠) 𝑓 (𝑠)𝑑𝑠 exists (as a Bochner integral) and defines a continuous function from R+ into 𝑋.

Lemma 4 For every 𝜆 ∈ C with 𝑅𝑒(𝜆) > max{0, 𝑟}, R̂𝛼 (𝜆) = 𝐺𝛼 (𝜆) and �(𝑡𝛼−1S𝛼) (𝜆) = 𝐹𝛼 (𝜆).

Comment:
Proof Using that𝐺𝛼 (·) is analytic onΣ𝑟,𝜃 , and that the integrals involved in the calculus are absolutely
convergent, we have

R̂𝛼 (𝜆) =
∫ ∞

0
𝑒−𝜆𝑡R𝛼 (𝑡)𝑑𝑡 =

∫ ∞

0

1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒−(𝜆−𝛾)𝑡𝐺𝛼 (𝛾) 𝑑𝛾𝑑𝑡

=
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

(𝜆 − 𝛾)−1𝐺𝛼 (𝛾) 𝑑𝛾.

By

∥
∫
𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐺𝛼 (𝛾) 𝑑𝛾 ∥ ≤
∫ 𝜃

−𝜃

𝐶

| 𝜆 − 𝛾 | | 𝛾 | 𝐿𝑑𝜉 ≤
∫ 𝜃

−𝜃

𝐶

(𝐿− | 𝜆 |)𝐿 𝐿𝑑𝜉

=
2𝜃𝐶

(𝐿− | 𝜆 |) ,

we have
∫
𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐺𝛼 (𝛾) 𝑑𝛾 converges to 0 as 𝐿 → ∞. Therefore

R̂𝛼 (𝜆) =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

(𝜆 − 𝛾)−1𝐺𝛼 (𝛾) 𝑑𝛾

= lim
𝐿→∞

(
1

2𝜋𝑖

∫
{Γ𝑟 , 𝜃 : 𝑟≤𝑠≤𝐿}∪𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐺𝛼 (𝛾) 𝑑𝛾
)
= 𝐺𝛼 (𝜆).
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From 𝐹𝛼 (·) is analytic on Σ𝑟,𝜃 using the same argument as before we have

�𝑡𝛼−1S𝛼 (𝜆) =
∫ ∞

0
𝑒−𝜆𝑡𝑡1−𝛼S𝛼 (𝑡)𝑑𝑡 =

∫ ∞

0

1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒−(𝜆−𝛾)𝑡𝐹𝛼 (𝛾) 𝑑𝛾𝑑𝑡

=
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

(𝜆 − 𝛾)−1𝐹𝛼 (𝛾) 𝑑𝛾.

Since

∥
∫
𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐹𝛼 (𝛾) 𝑑𝛾 ∥ ≤
∫ 𝜃

−𝜃

𝐶

| 𝜆 − 𝛾 | | 𝛾 |𝛼 𝐿𝑑𝜉 ≤
∫ 𝜃

−𝜃

𝐶

(𝐿− | 𝜆 |)𝐿𝛼 𝐿𝑑𝜉

=
2𝜃𝐶𝐿

(𝐿− | 𝜆 |)𝐿𝛼 ,

we have
∫
𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐹𝛼 (𝛾) 𝑑𝛾 converges to 0 as 𝐿 → ∞. We infer

�𝑡𝛼−1S𝛼 (𝜆) =
1

2𝜋𝑖

∫
Γ𝑟 , 𝜃

(𝜆 − 𝛾)−1𝐹𝛼 (𝛾) 𝑑𝛾

= lim
𝐿→∞

(
1

2𝜋𝑖

∫
{Γ𝑟 , 𝜃 : 𝑟≤𝑠≤𝐿}∪𝐶𝐿, 𝜃

(𝜆 − 𝛾)−1𝐹𝛼 (𝛾) 𝑑𝛾
)
= 𝐹𝛼 (𝜆).

Theorem 5 The function R𝛼 (·) is a 𝛼-resolvent operator for the system (3)-(4).

Comment: Let 𝑥 ∈ 𝐷 (𝐴). From Lemma 4, for 𝑅𝑒(𝜆) > max{0, 𝑟},

R̂𝛼 (𝜆) [𝜆1−𝛼 (𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))]𝑥 = 𝑥,

which implies
𝜆R̂𝛼 (𝜆)𝑥 − 𝑥 = 𝜆1−𝛼R̂𝛼 (𝜆)𝐴𝑥 + 𝜆1−𝛼R̂𝛼 (𝜆)𝐵(𝜆)𝑥,

we get
𝜆𝛼R̂𝛼 (𝜆)𝑥 − 𝜆𝛼−1𝑥 = R̂𝛼 (𝜆)𝐴𝑥 + R̂𝛼 (𝜆)𝐵(𝜆)𝑥,

and applying (8) and (WOLFGANG et al., 2002, Proposition 1.6.4) we obtain�𝐷𝛼
𝑡 R𝛼 (𝜆)𝑥 = R̂𝛼 (𝜆)𝐴𝑥 + �(R𝛼 ∗ 𝐵) (𝜆)𝑥.

By the uniqueness of the Laplace transform we get

𝐷𝛼
𝑡 R𝛼 (𝑡)𝑥 = R𝛼 (𝑡)𝐴𝑥 +

∫ 𝑡

0
R𝛼 (𝑡 − 𝑠)𝐵(𝑠)𝑥𝑑𝑠.

Arguing as above but using the equality [𝜆1−𝛼 (𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))]R̂𝛼 (𝜆)𝑥 = 𝑥, we obtain that (9)
holds. The proof is now completed.

We shall prove a result the existence of an analytic extension of resolvent operator.

Theorem 6 The function R𝛼 : (0,∞) → L(𝑋) has an analytic extension to Σ𝛿,0, 𝛿 = min{𝜙 −
𝜋
2 , 𝜋 − 𝜙} and

R′
𝛼 (𝑧) =

1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝜆𝑒𝜆𝑧𝐺𝛼 (𝜆) 𝑑𝜆, 𝑧 ∈ Σ𝛿,0. (16)
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Comment: For 𝜆 ∈ Γ𝑟,𝜃 and 𝑧 ∈ Σ𝛿,0, we can write 𝜆𝑧 = 𝑠 | 𝑧 | 𝑒𝑖(arg(𝑧)+𝜉) where 𝜋
2 < arg(𝑧) + 𝜉 <

𝜋,−𝜃 ≤ 𝜉 ≤ 𝜃 and 𝑠 ≥ 𝑟. If | 𝑧 |> 1, from (11) we get

∥ R𝛼 (𝑧) ∥ = ∥ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝜆𝑧𝐺𝛼 (𝜆)𝑑𝜆 ∥

≤ 1
2𝜋𝑖

∫
Γ𝑟 , 𝜃

𝑒𝑅𝑒(𝜆𝑧)
𝐶

| 𝜆 | | 𝑑𝜆 |

≤ 𝐶

𝜋

∫ ∞

𝑟

𝑒𝑠 |𝑧 |cos(arg(𝑧)+𝜃) 𝑑𝑠

𝑠
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 |𝑧 |cos(arg(𝑧)+𝜉)𝑑𝜉

≤
(

𝐶

𝜋𝑟 | cos(arg(𝑧) + 𝜃) | +
𝐶𝜃

𝜋

)
𝑒𝑟 |𝑧 | .

On the other hand, using that 𝐺𝛼 (·) is analytic on Σ𝑟,𝜃 , for 0 < | 𝑧 |< 1 we obtain

∥ R𝛼 (𝑧) ∥ = ∥ 1
2𝜋𝑖

∫
Γ 𝑟
|𝑧 | , 𝜃

𝑒𝜆𝑧𝐺𝛼 (𝜆)𝑑𝜆 ∥

≤ 𝐶

𝜋

∫ ∞

𝑟
|𝑧 |

𝑒𝑠 |𝑧 |cos(arg(𝑧)+𝜃) 𝑑𝑠

𝑠
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos(arg(𝑧)+𝜉)𝑑𝜉

≤
(
𝐶

𝜋

∫ ∞

𝑟

𝑒𝑢 cos(arg(𝑧)+𝜃) 𝑑𝑢

𝑢
+ 𝐶

2𝜋

∫ 𝜃

−𝜃
𝑒𝑟 cos(arg(𝑧)+𝜉)𝑑𝜉

)
≤

(
𝐶

𝜋𝑟 | cos(arg(𝑧) + 𝜃) | +
𝐶𝜃

𝜋

)
𝑒𝑟 .

This property allows us to define the extension R𝛼 (𝑧) by this integral.
Similarly, the integral on the right hand side of (16) is also absolutely convergent in L(𝑋) and

strongly continuous on 𝑋 for | arg 𝑧 | < 𝛿, we observe for 𝜆 ∈ Γ𝑟, 𝜃

∥ 𝑒
𝜆(𝑧+ℎ) − 𝑒𝜆𝑧

ℎ
𝐺𝛼 (𝜆) − 𝜆𝑒𝜆𝑧𝐺𝛼 (𝜆) ∥ ≤ | 𝑒

𝜆(𝑧+ℎ) − 𝑒𝜆𝑧
ℎ

− 𝜆𝑒𝜆𝑧 | 𝐶
𝑟
→ 0, | ℎ |→ 0,

and

∥ 𝑒
𝜆(𝑧+ℎ) − 𝑒𝜆𝑧

ℎ
𝐺𝛼 (𝜆) − 𝜆𝑒𝜆𝑧𝐺𝛼 (𝜆) ∥ ≤ 𝑒𝑅𝑒(𝜆𝑧)

𝐶

| 𝜆 | = 𝐾 (𝜆),

where 𝐾 (·) is integrable for 𝜆 ∈ Γ𝑟, 𝜃 . From the Lebesgue dominated convergence theorem which
implies that R′

𝛼 (𝑧) verifies (16).
In the next result we show that existence of resolvent operator implies in the existence of solutions

for problem (1)-(2).

Theorem 7 Let 𝑥0 ∈ [𝐷 (𝐴)] and define 𝑢(𝑡) = R𝛼 (𝑡)𝑥0. Then

𝑢 ∈ 𝐶 ( [0,∞), [𝐷 (𝐴)]) ∩ 𝐶𝛼 ((0,∞), 𝑋),

and is a solutions of (3)-(4).

Comment:
By Theorem 1 (𝑖𝑖𝑖) and Theorem 6 it is easy to see that 𝑢(𝑡) = R𝛼 (𝑡)𝑥0 is a function in

𝐶 ( [0,∞), [𝐷 (𝐴)]) ∩ 𝐶𝛼 ((0,∞), 𝑋). By Theorem 5 we have 𝑢(𝑡) = R𝛼 (𝑡)𝑥0 satisfies the problem
(1)-(2).
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3 Maximal mild solutions
In this section we study the concept continuation of local mild solutions and existence of global

mild solution to (1)-(2). First, we study the existence of local the mild solution for the problem
(1)-(2).

We denote by

• 𝐶𝜉 = sup𝑠∈[0,𝜉] ∥ 𝑓 (𝑠, 𝑢0) ∥

• 𝐷𝜉 = sup𝑠∈[0,𝜉] ∥ 𝑓 (𝑠, 𝑢(𝑠)) ∥

• 𝑀𝜉 = max
{
sup𝑠∈[0,𝜉] ∥ S𝛼 (𝑡) ∥, sup𝑠∈[0,𝜉] ∥ P𝛼 (𝑡) ∥

}
.

Now we define a concept of mild solution for the semilinear integro-differential fractional problem

𝐷𝛼
𝑡 𝑢(𝑡) = 𝐴𝑢(𝑡) +

∫ 𝑡

0
𝐵(𝑡 − 𝑠)𝑢(𝑠)𝑑𝑠 + 𝑓 (𝑡, 𝑢(𝑡)), 𝑡 ∈ [0, 𝑎),

𝑢(0) = 𝑢0,

where 𝛼 ∈ (0, 1) and 𝑓 is a apropriate function. In the sequel, R𝛼 (·) and S𝛼 (·) is the 𝛼-resolvent
operators and auxiliary resolvent operator studied in defined by (11) and (12) respectively.

Now we wil construct a notion of mild solution of the problem (1)-(2). Let 𝑢 : [0,∞) → 𝑋 is a
continuous functions satisfying (1)-(2). Then applying 𝐽𝛼𝑡 at both sides of the equation (1) we have

𝑢(𝑡) = 𝑢(0) + 𝐽𝛼𝑡 𝐴𝑢(𝑡) + 𝐽𝛼𝑡 (𝐵(𝑡) ∗ 𝑢(𝑡)) + 𝐽𝛼𝑡 𝑓 (𝑡, 𝑢(𝑡)) (17)
= 𝑢(0) + 𝑔𝛼 ∗ 𝐴𝑢(𝑡) + 𝑔𝛼 ∗ (𝐵(𝑡) ∗ 𝑢(𝑡)) + 𝑔𝛼 ∗ 𝑓 (𝑡, 𝑢(𝑡)).

Now assuming that this function is of exponential type and is locally integrable, we apply that
Laplace transform os both sides we obtain

𝑢̂(𝜆) = 𝑢0
𝜆

+ 𝐴𝑢̂(𝜆)
𝜆𝛼

+ 𝐵(𝜆)𝑢̂(𝜆)
𝜆𝛼

+
�𝑓 (𝑢) (𝜆)
𝜆𝛼

,

where �𝑓 (𝑢) (𝜆) is a Laplace transform of 𝑓 (𝑡, 𝑢(𝑡)). We infer

𝑢̂(𝜆) = 𝜆𝛼−1(𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))−1𝑢0 + (𝜆𝛼 𝐼 − 𝐴 − 𝐵(𝜆))−1�𝑓 (𝑢) (𝜆)
= 𝐺𝛼 (𝜆)𝑢0 + 𝐹𝛼 (𝜆)�𝑓 (𝑢) (𝜆)
= R̂𝛼 (𝑡)𝑢0 + �𝑡𝛼−1S𝛼 (𝑡)�𝑓 (𝑢) (𝜆)
= R̂𝛼 (𝑡)𝑢0 + �𝑡𝛼−1S𝛼 (𝑡) ∗ 𝑓 (𝑡, 𝑢(𝑡)).

Finally applying the inverse of Laplace transform we end with the formula

𝑢(𝑡) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠))𝑑𝑠,

this equation inspires the next definitions.

Definition 3 Let 𝜏 > 0, a function 𝑢 : [0, 𝜏] → 𝑋 is called mild solution of (1)-(2) in [0, 𝜏] if
𝑢 ∈ 𝐶 ( [0, 𝜏], 𝑋) and

𝑢(𝑡) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠))𝑑𝑠, (18)

holds for all 𝑡 ∈ [0, 𝜏] .
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Theorem 8 Lef 𝑓 : [0,∞) × 𝑋 → 𝑋 be a continuous function and locally Lipschitz in the second
variable and uniformly with respect the first variable, that is, for each 𝑥 ∈ 𝑋, there exists an open
ball 𝐵(𝑥, 𝑅) and constant 𝐿 = 𝐿 (𝐵(𝑥, 𝑅)) ≥ 0 such that

∥ 𝑓 (𝑡, 𝑦) − 𝑓 (𝑡, 𝑣) ∥≤ 𝐿 ∥ 𝑦 − 𝑣 ∥,

for all 𝑦, 𝑣 ∈ 𝐵(𝑥, 𝑅) and 𝑡 ∈ [0,∞). Then, there exists 𝜏0 > 0 such that (1)-(2) has a unique mild
solutions in [0, 𝜏0] .

Proof: Given 𝑢0 ∈ 𝑋, let 𝐵(𝑢0, 𝑟) and 𝐿 = 𝐿 (𝐵(𝑢0, 𝑟)) be the Lipschitz constant of 𝑓 . Given
𝑏 ∈ (0, 𝑟) fixed, by Theorem 1 and Theorem 2 we can choose 𝜏0 > 0 such that

• ∥ R𝛼 (𝑡)𝑢0 − 𝑢0 ∥≤ 𝑏
2 ,

• and 𝑀𝜏0
𝛼

(𝐿𝑏 + 𝐶𝜏0)𝑡𝛼 ≤ 𝑏
2 , for all 𝑡 ∈ [0, 𝜏0] .

We define

𝑆(𝜏0) = {𝑢 ∈ 𝐶 ( [0, 𝜏0], 𝑋) : 𝑢(0) = 𝑢0 and ∥ 𝑢(𝑡) − 𝑢0 ∥≤ 𝑏 for all t ∈ [0, 𝜏0]}

with the norm ∥ 𝑢 ∥= sup𝑡∈[0,𝜏0] ∥ 𝑢(𝑡) ∥ and the operator 𝑇 on 𝑆(𝜏0) by

𝑇 (𝑢(𝑡)) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠))𝑑𝑠.

If 𝑢 ∈ 𝑆(𝜏0), we have 𝑇 (𝑢(0)) = 𝑢0 and 𝑇 (𝑢(𝑡)) ∈ 𝐶 ( [0, 𝜏0], 𝑋). On the other hand, we have
that

∥ 𝑇 (𝑢(𝑡)) − 𝑢0 ∥
≤ ∥ R𝛼 (𝑡)𝑢0 − 𝑢0 ∥

+
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1 ∥ S𝛼 (𝑡 − 𝑠) ∥ (∥ 𝑓 (𝑠, 𝑢(𝑠)) − 𝑓 (𝑠, 𝑢0) ∥ + ∥ 𝑓 (𝑠, 𝑢0) ∥)𝑑𝑠

≤ ∥ R𝛼 (𝑡)𝑢0 − 𝑢0 ∥ +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑀𝜏0𝐿 ∥ 𝑢(𝑠) − 𝑢0 ∥ 𝑑𝑠 +

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑀𝜏0𝐶𝜏0𝑑𝑠

≤ ∥ R𝛼 (𝑡)𝑢0 − 𝑢0 ∥ +𝑀𝜏0𝐿𝑏
𝑡𝛼

𝛼
+ 𝑀𝜏0𝐶𝜏0

𝑡𝛼

𝛼

≤ ∥ R𝛼 (𝑡)𝑢0 − 𝑢0 ∥ +
𝑀𝜏0

𝛼
(𝐿𝑏 + 𝐶𝜏0)𝑡𝛼 ≤ 𝑏

2
+ 𝑏

2
= 𝑏,

for all 𝑡 ∈ [0, 𝜏0], this show that 𝑇𝑆(𝜏0) ⊂ 𝑆(𝜏0). If 𝑢, 𝑣 ∈ 𝑆(𝜏0) we obtain

∥ 𝑇 (𝑢(𝑡)) − 𝑇 (𝑣(𝑡)) ∥ ≤
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1 ∥ S𝛼 (𝑡 − 𝑠) ∥∥ 𝑓 (𝑠, 𝑢(𝑠)) − 𝑓 (𝑠, 𝑣(𝑠)) ∥ 𝑑𝑠

≤
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑀𝜏0𝐿 ∥ 𝑢(𝑠) − 𝑣(𝑠) ∥ 𝑑𝑠

≤
𝑀𝜏0𝐿𝜏

𝛼

𝛼
sup

𝑠∈[0,𝜏0]
∥ 𝑢(𝑠) − 𝑣(𝑠) ∥ .
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This implies,

∥ 𝑇 (𝑢) − 𝑇 (𝑣) ∥ ≤ 𝑁𝐿𝜏𝛼

𝛼
∥ 𝑢 − 𝑣 ∥ .

From 𝑀𝜏0𝐿𝜏
𝛼

𝛼
≤ 1

2 by the Banach contraction principle we have that 𝑇 has a unique fixed point in
𝑆(𝜏0). This prove that (1)-(2) has a unique mild solutions in [0, 𝜏0] .

Definition 4 Let 𝑢 : [0, 𝜏] → 𝑋 be the unique local mild solution of (1)-(2) in [0, 𝜏] . If there
exist 𝜏∗ > 𝜏 and 𝑢∗ : [0, 𝜏∗] → 𝑋 is a local mild solution of (1)-(2) in [0, 𝜏∗], the we say 𝑢∗ is a
continuation of 𝑢 over [0, 𝜏∗] .

Definition 5 If 𝑢 : [0, 𝜏∗) → 𝑋 is the unique local mild solution of (1)-(2) in [0, 𝑡] for all 𝑡 ∈ (0, 𝜏∗)
and does not have a continuation, then we call it a maximal mild solution of (1)-(2).

Theorem 9 Lef 𝑓 : [0,∞) × 𝑋 → 𝑋 be a continuous function and locally Lipschitz in the second
variable and uniformly with respect the first variable, that is, for each 𝑥 ∈ 𝑋, there exists an open
ball 𝐵(𝑥, 𝑅) and constant 𝐿 = 𝐿 (𝐵(𝑥, 𝑅)) ≥ 0 such that

∥ 𝑓 (𝑡, 𝑦) − 𝑓 (𝑡, 𝑣) ∥≤ 𝐿 ∥ 𝑦 − 𝑣 ∥,

for all 𝑦, 𝑣 ∈ 𝐵(𝑥, 𝑅) and 𝑡 ∈ [0,∞). If 𝑢 : [0, 𝜏0] → 𝑋 is a unique mild solution of (1)-(2) in [0, 𝜏0],
then there exists a unique continuation solution 𝑢∗ of 𝑢 in some interval [0, 𝜏0 + 𝜏] with 𝜏 > 0.

Proof: How 𝑢(𝜏0) ∈ 𝑋, let 𝐵(𝑢(𝜏0), 𝑟) and 𝐿 = 𝐿 (𝐵(𝑢(𝜏0), 𝑟)) be the Lipschitz constant of 𝑓 .
Given 𝑏 ∈ (0, 𝑟) fixed, by Theorem 1 and Theorem 2 we can choose 𝜏 > 0 such that

• ∥ R𝛼 (𝑡)𝑢0 − R𝛼 (𝜏0)𝑢0 ∥≤ 𝑏
4 ,

• 𝑀𝜏0+𝜏
𝛼

(𝐿𝑏 + 𝐶𝜏0+𝜏)𝑡𝛼 ≤ 𝑏
4 ,

• 𝑀𝜏0𝐷𝜏0
𝛼

[𝑡𝛼 − (𝑡 − 𝜏0)𝛼 − 𝜏𝛼0 ] ≤
𝑏
4

•
∫ 𝜏0

0
(𝜏0 − 𝑠)𝛼−1 ∥ [S𝛼 (𝑡 − 𝑠) − S𝛼 (𝜏0 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠 ≤

𝑏

4
,

for all 𝑡 ∈ [𝜏0, 𝜏0 + 𝜏] .
We define

𝑆(𝜏0 + 𝜏) = {𝑤 ∈ 𝐶 ( [0, 𝜏0 + 𝜏], 𝑋) : 𝑤(𝑡) = 𝑢(𝑡) for all 𝑡 ∈ [0, 𝜏0] (19)
and ∥ 𝑤(𝑡) − 𝑢(𝜏0) ∥≤ 𝑏 for all t ∈ [𝜏0, 𝜏0 + 𝜏]} (20)

with the norm ∥ 𝑤 ∥= sup𝑡∈[0,𝜏0+𝜏] ∥ 𝑤(𝑡) ∥ and the operator 𝑇 on 𝑆(𝜏0 + 𝜏) by

𝑇 (𝑤(𝑡)) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑤(𝑠))𝑑𝑠.

If 𝑤 ∈ 𝑆(𝜏0 + 𝜏), we have for all 𝑡 ∈ [0, 𝜏0] that

𝑇 (𝑤(𝑡)) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠))𝑑𝑠 = 𝑢(𝑡),
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𝑇 (𝑤(𝑡)) ∈ 𝐶 ( [0, 𝜏0 + 𝜏], 𝑋) and

∥ 𝑇 (𝑤(𝑡)) − 𝑢(𝜏0) ∥
≤ ∥ R𝛼 (𝑡)𝑢0 − R𝛼 (𝜏0)𝑢0 ∥

+
∫ 𝜏0

0
∥ [(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) − (𝜏0 − 𝑠)𝛼−1S𝛼 (𝜏0 − 𝑠)] 𝑓 (𝑠, 𝑤(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡

𝜏0

∥ (𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑤(𝑠)) ∥ 𝑑𝑠

≤ ∥ R𝛼 (𝑡)𝑢0 − R𝛼 (𝜏0)𝑢0 ∥

+
∫ 𝜏0

0
[(𝑡 − 𝑠)𝛼−1 − (𝜏0 − 𝑠)𝛼−1] ∥ S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝜏0

0
(𝜏0 − 𝑠)𝛼−1 ∥ [S𝛼 (𝑡 − 𝑠) − S𝛼 (𝜏0 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡

𝜏0

∥ (𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) [ 𝑓 (𝑠, 𝑤(𝑠)) − 𝑓 (𝑠, 𝑢(𝜏0) ∥ 𝑑𝑠

+
∫ 𝑡

𝜏0

∥ (𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝜏0) ∥ 𝑑𝑠

≤ 𝑏

4
+
𝑀𝜏0𝐷𝜏0

𝛼
[𝑡𝛼 − (𝑡 − 𝜏0)𝛼 − 𝜏𝛼0 ] +

𝑏

4

+
𝑀𝜏0+𝜏
𝛼

𝐿 ∥ 𝑤(𝑡) − 𝑢(𝜏0) ∥ 𝑡𝛼 +
𝑀𝜏0+𝜏𝐶𝜏0+𝜏

𝛼
𝑡𝛼 ≤ 𝑏.

for all 𝑡 ∈ [𝜏0, 𝜏0 + 𝜏], this show that 𝑇𝑆(𝜏0 + 𝜏) ⊂ 𝑆(𝜏0 + 𝜏).
If 𝑢, 𝑣 ∈ 𝑆(𝜏0 + 𝜏) we obtain

∥ 𝑇 (𝑢(𝑡)) − 𝑇 (𝑣(𝑡)) ∥ ≤
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1 ∥ S𝛼 (𝑡 − 𝑠) ∥∥ 𝑓 (𝑠, 𝑢(𝑠)) − 𝑓 (𝑠, 𝑣(𝑠)) ∥ 𝑑𝑠

≤
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑀𝜏0+𝜏𝐿 ∥ 𝑢(𝑠) − 𝑣(𝑠) ∥ 𝑑𝑠

≤
𝑀𝜏0+𝜏𝐿𝜏

𝛼

𝛼
sup

𝑠∈[0,𝜏0+𝜏]
∥ 𝑢(𝑠) − 𝑣(𝑠) ∥ .

This implies,

∥ 𝑇 (𝑢) − 𝑇 (𝑣) ∥ ≤
𝑀𝜏0+𝜏𝐿𝜏

𝛼

𝛼
∥ 𝑢 − 𝑣 ∥ .

From 𝑀𝜏0+𝜏𝐿𝜏
𝛼

𝛼
≤ 1

4 by the Banach contraction principle we have that 𝑇 has a unique fixed point in
𝑆(𝜏0 + 𝜏). This prove that (1)-(2) has a unique mild solutions in [0, 𝜏0 + 𝜏] . Therefore there exists a
unique continuation solution of 𝑢(·).

Theorem 10 Let 𝑓 : [0,∞) × 𝑋 → 𝑋 be a continuous, locally Lipschitz in the second variable,
uniformly with respect to the first variable, and bounded. Then the problem (1)-(2) has a global
mild solution in [0,∞) or exist 𝜔 ∈ (0,∞) such that 𝑢 : [0, 𝜔) → 𝑋 is a maximal mild solution of
(1)-(2), and lim sup

𝑡→𝜔−
∥ 𝑢(𝑡) ∥= ∞.
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Proof: Let

𝐻 := {𝜏 ∈ [0,∞) : ∃𝑢𝜏 : [0, 𝜏] → 𝑋 unique mild solution to (1)-(2) in [0, 𝜏]}.

We denote by 𝑤 = sup𝐻, we can consider a continuous function 𝑢 : [0, 𝑤) → 𝑋 that is a mild
solution of (1)-(2) in [0, 𝑤). If 𝑤 = ∞, the 𝑢 is a global mild solution in [0,∞). By the other side, if
𝑤 < ∞ we will show that lim sup

𝑡→𝑤

∥ 𝑢(𝑡) ∥= ∞. By contradiction, suppose that there exists 𝐾 < ∞
such that ∥ 𝑢(𝑡) ∥≤ 𝐾 for all 𝑡 ∈ [0, 𝑤). Let {𝑡𝑛} ⊂ [0, 𝑤) is a sequence that converges to 𝑤. For all
𝜖 > 0, there exist 𝑁 ∈ N and 𝛾 ∈ (0, 𝑤), such that, if 𝑚, 𝑛 > 𝑁, we get

• ∥ R𝛼 (𝑡𝑛)𝑢0 − R𝛼 (𝑡𝑚)𝑢0 ∥≤ 𝜖
7 ,

• 𝑀𝑤𝐷𝑤

𝛼
| 𝑡𝑛 − 𝑡𝑚 |≤ 𝜖

7 ,

• 𝑀𝑤𝐷𝑤

𝛼
| 𝑡𝛼 − (𝑡 − 𝜏0)𝛼 − 𝜏𝛼0 |≤ 𝜖

7

• 2𝑀𝑤𝐷𝑤

𝛼
(𝑤 − 𝛾) ≤ 𝜖

5

• 𝑡𝑛 > 𝛾 and 𝑡𝑚 > 𝛾

•
∫ 𝛾

0
(𝑡𝑛 − 𝑠)𝛼−1 ∥ [S𝛼 (𝑡𝑛 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠 ≤ 𝜖

7
,

•
∫ 𝛾

0
(𝑡𝑚 − 𝑠)𝛼−1 ∥ [S𝛼 (𝑡𝑚 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠 ≤ 𝜖

7
.

Without loss of generality, than 𝑡𝑛 > 𝑡𝑚, it follows from the estimative

∥ 𝑢(𝑡𝑛) − 𝑢(𝑡𝑚) ∥ ≤ ∥ R𝛼 (𝑡𝑛)𝑢0 − R𝛼 (𝑡𝑚)𝑢0 ∥

+
∫ 𝑡𝑚

0
∥ (𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑡𝑛 − 𝑠) − (𝑡𝑚 − 𝑠)𝛼−1S𝛼 (𝑡𝑚 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡𝑛

𝑡𝑚

∥ (𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

≤ ∥ R𝛼 (𝑡𝑛)𝑢0 − R𝛼 (𝑡𝑚)𝑢0 ∥

+
∫ 𝑡𝑚

0
∥ (𝑡𝑛 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑛 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡𝑚

0
∥ [(𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑤 − 𝑠) − (𝑡𝑚 − 𝑠)S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡𝑚

0
∥ (𝑡𝑚 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑚 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡𝑛

𝑡𝑚

∥ (𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

= ∥ R𝛼 (𝑡𝑛)𝑢0 − R𝛼 (𝑡𝑚)𝑢0 ∥ +𝐼1 + 𝐼2 + 𝐼3 + 𝐼4.
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We observe

𝐼3 =

∫ 𝑡𝑚

0
∥ (𝑡𝑚 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑚 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

≤
∫ 𝛾

0
∥ (𝑡𝑚 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑚 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

+
∫ 𝑡𝑚

𝛾

∥ (𝑡𝑚 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑚 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

≤ 𝜖

7
+ 2𝑀𝑤𝐷𝑤

∫ 𝑡𝑚

𝛾

(𝑡𝑚 − 𝑠)𝛼−1𝑑𝑠 ≤ 𝜖

7
+ 2𝑀𝑤𝐷𝑤

𝛼
(𝑡𝑚 − 𝛾)𝛼

≤ 𝜖

7
+ 𝜖

7
.

By the same way, we can show

𝐼1 ≤
∫ 𝑡𝑛

0
∥ (𝑡𝑛 − 𝑠)𝛼−1 [S𝛼 (𝑡𝑛 − 𝑠) − S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠 ≤ 𝜖

7
+ 𝜖

7
.

We get

𝐼2 =

∫ 𝑡𝑚

0
∥ [(𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑤 − 𝑠) − (𝑡𝑚 − 𝑠)S𝛼 (𝑤 − 𝑠)] 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

≤ 𝑀𝑤𝐷𝑤

∫ 𝑡𝑚

0
[(𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑤 − 𝑠) − (𝑡𝑚 − 𝑠)]𝑑𝑠

≤ 𝑀𝑤𝐷𝑤

𝛼
[(𝑡𝑛 − 𝑡𝑚)𝛼 − 𝑡𝛼𝑛 − 𝑡𝛼𝑚] ≤

𝜖

7
.

and

𝐼4 =

∫ 𝑡𝑛

𝑡𝑚

∥ (𝑡𝑛 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠)) ∥ 𝑑𝑠

≤ 𝑀𝑤𝐷𝑤

(𝑡𝑛 − 𝑡𝑚)𝛼
𝛼

≤ 𝜖

7
.

Therefore
∥ 𝑢(𝑡𝑛) − 𝑢(𝑡𝑚) ∥< 𝜖.

This shows that {𝑢(𝑡𝑛)} is a Cauchy sequence and therefore it has a limit, 𝑢𝑤 ∈ 𝑋. Then, we may
extende 𝑢 over [0, 𝑤], obtaining the equality

𝑢(𝑡) = R𝛼 (𝑡)𝑢0 +
∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1S𝛼 (𝑡 − 𝑠) 𝑓 (𝑠, 𝑢(𝑠))𝑑𝑠,

for all 𝑡 ∈ [0, 𝑤], by Theorem 9, we can extend the solution to some bigger interval, wich is a
contradiction with the definition of 𝑤, by the contradiction above,

lim sup
𝑡→𝜔−

∥ 𝑢(𝑡) ∥= ∞.

This finished the proof.
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