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Abstract

In this work, we aim to present properties that characterize a
variational structure in the y/-fractional space Hg’ﬂ W (Q) for the
Y-Hilfer fractional operator. The importance of these results
are strongly used in the investigation of fractional differential
equations involving problems such as: p-Laplacian, concave-
convex, singular double phases, among others.
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1 Introduction and motivation

The fractional calculus is well consolidated and well known, motivated by a question in 1695
through a letter between L'Hospital and Leibniz. What question could we ask today, so that in
the future it would generate a great impact on the scientific community? A priory, there are open
questions and problems that would strongly impact the area, i.e., a geometric interpretation for a
fractional derivative. Over these 326 years, numerous fractional integrals and fractional deriva-
tives were introduced, each with its own importance (SOUSA; OLIVEIRA, 2018, 2019b, 2019c;
DIETHELM; FORD, 2002; KILBAS; SRIVASTAVA; TRUJILLO, 2006; LAKSHMIKANTHAM;
VATSALA, 2008; SOUSA; FREDERICO; OLIVEIRA, 2020; SOUSA; MACHADO; OLIVEIRA,
2020). However, in mid 2018, Sousa and Oliveira (SOUSA; OLIVEIRA, 2018) raised the following
question: What is the best derivative to be chosen to fit data? The question was asked due to the large
number of existing fractional derivatives. In this sense, motivated by Caputo fractional derivative
with respect to another function and by the Hilfer fractional derivative, Sousa and Oliveira, they
introduced the so-called ¢ -Hilfer fractional derivative, presented a wide class of particular cases and
discussed important properties of fractional calculus, in particular, the Leibniz I and II type rules
(SOUSA; OLIVEIRA, 2019b).

On the other hand, the theory of fractional differential equations followed the same steps as
fractional calculus, especially in recent years in a growing exponential of great relevance in the
scientific community (DIETHELM; FORD, 2002; KILBAS; SRIVASTAVA; TRUJILLO, 2006;
LAKSHMIKANTHAM; VATSALA, 2008; NOROUZI; N°GUEREKATA, 2021, 2021; SOUSA;
BENCHOHRA:; N’GUEREKATA, 2020). The investigation of problems of fractional differen-
tial equations involving variational methods, in recent years, has drawn a lot of attention from
researchers. However, the results presented so far are very restricted to the Caputo and Riemann-
Liouville fractional derivatives. For a reading of results on fractional differential equations involving
variational methods, see (GHANMI; ZHANG, 2019; ZHAO; TANG, 2017; JIAO; ZHOU, 2011;
NYAMORADI; TAYYEBI, 2018; ZHANG; LI, 2015) and the references therein.

Let6 =(01,0,,....05), T =1, T, ....,Ty) and a = (a1, @z, ..., ay) Where 0 < aq, as, ...,ay < 1
with8; < T;,forall j € {1,2,..,N}, N € N. Alsoput Q = I1 xI,X---XIy = [61,T11x[02, To]X- - -x
[6n,Ty] where Ty, T, ..., Ty and 61, 0,, ..., O positive constants. Consider also () be an increasing
and positive monotone function on (61, T1), (62, T2), ..., (6n, Ti), having a continuous derivative ¢’ (-)
on (01,T1],(02,T3], ..., (6N, Ty]. The y-Riemann-Liouville fractional partial integral of order a of
N-variables & = (£1,&2,...,6N) € L'(Q) denoted by IZ,’;C//_(-), is defined by (SOUSA; OLIVEIRA,
2019a) :

1
I'(aj)

with ' (s ) ()= (s )™~ = @/ (s )= (1) (s2) @ (e2) = (s2)™ 71 -+ g’ (sn) W (en)—
W(sn))™ ! where I(a;) = T(@n)l(@2) - - - D(an), £(s;) = £(s1)E(s2) - - - £(sw), dsj = dsidsy - - - dsw,
forall j € {1,2,..., N}. Analogously, it is defined I?:fi().

On the other hand, let &, € C"(Q) two functions such that i is increasing and ’(x ) #0
J €1{1,2,..,N}, x; € Q. The y-Hilfer fractional partial derivative of N-variables, denoted by

HDgﬁ;w(-), of order a and type B (0 < B < 1), is defined by (SOUSA; OLIVEIRA, 2019a)

Ig,ii‘f(xj) = I J e JQ W (s W) — w(s )™ E(s)ds,

HDa,ﬂ;l//é:(x ) _ I,B(l—a),lﬁ ;ﬂ I(l_ﬁ)(l—a/)y'/’é‘:(x ) (1)
Q,Xj J Q,Xj w,('x]) ax] e’xf J
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with 0x; = 0x1,0x2---0xy and Y¥'(x;) = ' (x Y (x2) - --¥'(xn), for all j € {1,2,...,N}. Analo-
gously itis defined HD?fjw(-). Furthermore, we have the ¢/ -Hilfer-Caputo fractional partial derivative

of of N-variables, denoted by ?Dgﬁ;w(-), of order @ and type 5 (0 < 8 < 1), is defined by (SOUSA;
OLIVEIRA, 2019a)

'/’/(xj) ‘9xj T

Throughout this work, we will use the following notations I;’w(') = I?f(')’ Ig’w(') = IZ’;f_('),
X Xj
MDY )= PO ) and BDRP () = D)
Let0 < < 1, p € (1, ) and 11—7 + % < 1 + a. Further, denote by LZ,(Q) the space LZ,(//(Q)’

where u(x) = 1. If u € L:[’/(Q) and v € Li(Q), then the following integration by parts (SOUSA et
al., 2022)

. p: _B)(1- 1 oY)\ su-
M g = 1P “)"”( - ——)Iﬁ“ () @

L(IZ;“’ V(Y (0)dx = JQ VI u (oW ()dx

holds.
1 a0
LetO<a <1,8€[0,1],u-v e AC(Q) and —Wlf(_l “u € L2(Q). Then, (SOUSA et al.,
2022)

tim 15, Py B ()

x—0* 0+

JQ HDE (0w ()

T
lim 10" P00 B ) + I u(x) IDT Yy oy’ (x)dx
0

r—T- O+ +

Motivated by the s-Hilfer fractional derivative and by variational methods, Sousa et al. (SOUSA;
ZUQO; O’REGAN, 2021). constructed a variational structure and the y-fractional space. In this sense,
motivated by this work, numerous other works were investigated (SOUSA, 2021; SOUSA; PULIDO;
OLIVEIRA, 2021; SOUSA et al., 2022; SOUSA; TAVARES; LEDESMA, 2021; SOUSA et al.,
2022; SOUSA, 2022). In this present work, we aim to present some results involving the y-Hilfer
fractional derivative that guarantee a variational structure and that allowed to discuss variational
results of great importance, in particular, involving problems p-Laplacian, concave-convex, singular
double phase. In the vast majority of results, Nehari manifold techniques, fibration application,
Mountain step theorem, Ekeland’s method, among other methods, are important tools.

2 Variational approach

Here we will present some results on the y-fractional space in order to build a variational
structure.

The space of p-integrable functions with respect to a function y is defined as (SOUSA; ZUO;
O’REGAN, 2021)

LP(Q) = {u LQ RJ 1£(0)|Pdx < +oo},
Q

lullLr @) = (J If(x)lp)q .
Q
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Definition 1 (SOUSA; ZUO; O’'REGAN, 2021) Let0 < a < 1,0 < B <land 1 < p < co. The
W-fractional derivative space Hg’ﬁ Vo= Hg’ﬁ Y (Q,R) is defined by the closure of C;° (€2, R) , and is
given by

P = el (@RI e L (QR) . ()= 0 |

Cy (Q.R) (3)

1/p
) ; 4)

where HDgf;w (+) is the y-Hilfer fractional derivative with) < @ < 1 and0 < B < 1.

with the following norm

€00 = (Ilfll + oG

Choosing p = 2, in definition Eq.(3), we have the y-fractional derivative space Hg’ﬁ ¥ is defined
on Cg° (L, R) with respect to the norm

. 5 12
||§||Haﬁ;w=(J e ol e | e o) dx) _
2 Q Q

The space Hg’t;w is a Hilbert space with the norm

. 5 (172
1€l = (IQ [BD; e ()| dx)
withO0<a <land0<pB < 1.

Lemma 2 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA et
al.,,2022) LetO <a < land 1 < p < oo. Forany ¢ € LP ([0,T],R), we have

LM -y )"

Ia;w
on S Tla+l) W&l Lo 0.1y

foranyt € [0,T].

Proposition 3 (SOUSA; ZUO; O’'REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
etal,2022) Let0 < a <1,0< B <1land1l < p <oco. Forall ¢ € Hg’ﬁ;d’, ifl—a>1/por
a > 1/p, we have

(y (T) =y (0)*
léllr < R )
Moreover, if @ > 1/p and l + l =1, then
JZ
W (1) =y ()" g D
) 6
e = F @ (@-1gr 7 ['oi*e]., ©

where ||| = sup [ (1)].
te[0,T]

From the inequality (6), we also have

W (1) =y (0)*'7 1y aﬁw
Il < £ Gamg e | 2 e

O/ﬁl//

@B : . : |
that H,™" is continuously injected into C ([0,T]) for a > >
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According to (5), we can consider HZ’B ¥ with respect to the equivalent norm

Il = "o e - ™

Proposition 4 (SOUSA; ZUO; O’'REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
etal.,2022) Let0 < a < 1and 0 < B < 1. Foranyé¢ € HZ’ﬁ;w, we have

_ W@ v )"
B F'a+1)

o

HDaﬁw (HDG,Bllff)

1 1
Moreover, ifa > 1/p, 0 < <1 and —+ — =1, then
P 49

(W (T) =y (0)*7 [y (1)]"
I'@)[(e+1)g+1]

161l <

HDQﬂ W (HDaﬁ Wf)

Theorem 5 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA et
al., 2022) Let « € (0, 1). Then the embedding Hg’ﬁ Ve Lp ([0,T],R) is compact.

Proposition 6 (SOUSA; ZUO O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
et al., 2022) The space H Vs compactly embedded in C ([0,T],R).

Lemma 7 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA et
al., 2022) Let 0 < a < 1,0 < B < 1,u € HY?Y ([0,T],R). Then [I(‘,;‘“‘”u (t)] =0
1=l

Proposition 8 (SOUSA; ZUO; O'REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
et al., 2022) Consider 0 < a < 1,0 < B <1, [¢/' (1)]? <y’ (1) forallt € [0,T] and all g > 1 with

1 <p <oo Forallu e Hg’ﬁ;w, if @ > 1/p it holds that Igj:// (HDS_;_'B;MIM (t)) = u (t). Moreover, the
inclusion Hlo,l’ﬁ Ve ([0,T],R) holds.

Proposition 9 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
etal.,2022) Let0 <@ < 1,0 < B < land1 < p < co. Assume that a > 1/p and the sequence {&; }
converges weakly to & in HZ’B;”[’ ie,ép — & Thenéy — Ein C([0,T],R), ie., || =&kl — O as

k — oo.
Next we present the Harnack’s inequality in the fractional sense with respect to another function.

Theorem 10 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
et al., 2022) Let t. > 0,0 < 01 < 03 < o3 and p > 0. Let further € (0,1),0 < B <1, ¥(0) =0
and &y = 0. Then for any function u € Z (t.,t. + o3p) and that satisfies

I (&~ £)(1) =0, aa.t € (t.,1. + 03p) ®)
there holds the inequality
SMP§< o3oinfé )
W+

where W— = (t, + o1 p, t. + 02p) and W+ = (t. + oup, t. + 030).
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Proposition 11 (SOUSA;ZUO; O’'REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
etal.,2022) Let0 < a < 1,0 < B < land 1 < p < oo. The fractional derivative space H;f”g Visa
reflexive and separable Banach space.

Theorem 12 (SOUSA; ZUO; O’REGAN, 2021; SOUSA; TAVARES; LEDESMA, 2021; SOUSA
et al., 2022) The space ( H2AY NiE ||Ha 5. w) is uniformly convex.

Proof 13 Indeed, let p € [2, ). Then for each z,w € R, it holds

z+wpP |z—=wpp 1
2 52 < 50ar i,

Let £,¢ € HYPY sarisfy ||§||Hgﬁ,w = IIKIIHgﬁ,w = l,and||§ - éIIHg,ﬁ,u/ > & € (0,2]. Then, we
have

2 et ' Hy Y —Jo 2 x

. [T(|PRb s D er )

JO 2
71

< (|HDa,8wf(x)|p+|HDaM§(x)|p) "
Jo 2
1

= 5 (1€l + 12llgge) = 1

which yields
p
"f+{ \1_(5)17. o
2 H;’Y:ﬁ,lﬂ 2

On the other hand, if p € (1,2) then for each z,w € R it holds

1
-1

< (%<|z|f’+|w|">)p . (11)

zZ+w|P Z—wl|pP
+

A straight forward computation proves that if v € Hg’ﬁ Y then HlHDgf ’wg“ |P ‘

’
— p
re = 1€

P’ P’
Let {1.0> € HYPY then ‘Hngf"”gl( , HDgf"”gz| e LPY[0,T]) with 0 < p—1 < 1 and

according to

|ros i sitop e,

lpear,

+ |G |

s (12)
o
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consequently
4+ o|f +H§1—§2P
2 Hgﬁ&ﬂ 2 Hgﬁ-w
14 _ p,
_ apesy ($1+ 42 HnaBy [$1— 2
= |[Fpgpy (1Ee2 + ||[Hpesy (£1262
+ 2 0+ 2
Havﬁv¢ H(Y»le//
p-1 p-1
P »
Hpapy [$1+ 8 HnaBy [$1— 2
< i (455 oo (252
H“‘sﬁv'ﬁ
p-1
] e
’ ’ -1 p-1
HRBY » HBY » [P [HR@BY »  H @By » [P\F
— JT DO+ §1 + DO+ §2 + DO+ évl B D0+ §2 dx
0 2 2
- n
1 p P p-
< [5], (el rogeee) a
1
1 =i
_ (L p 1 P
- (100 + 510 ) (13)
Foré, g e Hg’ﬂ"/’ with ||§||Hgsﬁ,w = ||§||Hzﬁ,¢ =1land||é - {”Hz,ﬁ,w > & € (0,2], we have
e+ e\
<1- (—) . 14
I : (14)

FromEq.(10) and Eq.(14) in either case there exists () > O such that ||& + §||Ha,ﬁ,./, < 2(1-6(8)).
P

Remark: The variational structure discussed here were through the weightless y-fractional
space. The results presented here are for knowledge and allow to discuss the existence, regularity,
multiplicity of solutions of fractional differential equations. However, we are already working on
some works with the weighted -fractional space.

Below are some relevant points about the results presented above:

1. First, that the above results characterize a variational structure which allows us to investi-
gate results about the existence, multiplicity, regularity of solutions of fractional differential
equations with variational problems.

2. Note that the variational structure presented was investigated for the /-Hilfer fractional deriva-
tive. In this sense, all their respective particular cases also detain from the above results, which
implies a particular variational structure for the respective fractional derivative.
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