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1 Introduction

Fractional Calculus (FC) has been used in several areas such as biology, physics, economics,
medicine and engineering (TARASOV, 2019). Since its appearance in 1695 several formulations
for the fractional operator have been proposed (OLIVEIRA; MACHADO, 2014). More recently,
three classes for fractional operators have been proposed, as well as criteria for a fractional operator
to be called a fractional derivative (ORTIGUEIRA; MACHADO, 2015; TEODORO; OLIVEIRA;
OLIVEIRA, 2017).

One of the most used equations for the study of population growth dynamics and several other
applications is the logistic equation, introduced by Verhulst (VERHULST, 1838) in 1938. In his
own words,

“We know that the famous Malthus showed the principle that the human population
tends to grow in a geometric progression so as to double after a certain period of time,
for example every twenty five years. This proposition is beyond dispute if abstraction is
made of the increasing difficulty to find food [. . . ]. The virtual increase of the population
is therefore limited by the size and the fertility of the country. As a result, the population
gets closer and closer to a steady state (VERHULST, 1838).”

Based on this idea, Verhulst formulated a model that has been widely used since then in several
applications from biology, physics and economics.

In ref. (EL-SAYED; EL-MESIRY; EL-SAKA, 2007) the authors discuss the stability, existence,
uniqueness, and numerical solution of the fractional-order logistic equation. In ref. (WEST, 2015)
a general technique to solve fractional logistic equation is proposed and applied to find an analytical
solution. However, in ref. (AREA; LOSADA; NIETO, 2016) it is proved that the solution found in
the latter is not an exact solution for the fractional logistic equation.

The logistic equation has been used in economic model of natural growth in a competitive
environment (TARASOVA; TARASOV, 2017). In (NIETO, 2022) the logistic differential equation
of fractional order and non-singular kernel is studied and an analytical solution is obtained.

Many authors have investigated the solution of the logistic equation either from a numerical or
analytical point of view, such as (EL-SAYED; BOULAARAS; SWEILAM, 2021; ALCANTARA-
LOPEZ et al., 2021; AREA; NIETO, 2021; D’OVIDIO; LORETI; AHRABI, 2018; GUPTA, 2022;
JAFARIetal.,2021; KAHARUDDIN; PHANG; JAMAIAN, 2020; KURODA et al., 2017; MAHDY;
MOHAMED; MTAWA, 2015; ORTIGUEIRA; BENGOCHEA, 2017).

In this work we present a resolution of the x-fractional logistics equation by means of the Sumudu
transform method, recovering the order equation solution. In addition, we present some important
properties of the fractional derivative including the Sumudu transform of the - fractional derivative.

2 Preliminaries

To introduce a new fractional operator, this section recovers the concepts of k-gamma function
and «-beta function and their properties.

Definition 1 (DIAZ; PARIGUAN, 2007) Let z € C, Re(z) > 0 and k > 0, k-gamma function is
defined:

(] tk
Ti(z) = / e T dt. (1)
Q
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Note that in the limit £ — 1 recovers [';(z) = I'(z). Some relationships are given in (WANG,
2016):

Ne(@) = k7' () @)

Me(k) = 1; 3)

Ui (z+ k) = 2l (2); “4)
T

[ ()T (k= 2) = m(,,_z)
3

Definition 2 (DIAZ; PARIGUAN, 2007) Let z € C, k € R and m € N*, k-Pochhammer symbol is
introduced by

®)

(Dmk = 2(z+ k) (z+2k) ... (z+ (m = 1)k). (6)

The expression in Eq.(6) can be rewritten in terms of k-gamma function, considering the
restrictions imposed in Definition 1:

_ Fk(z + mk)
(Z)m,k = T(Z) (7N

Using Eq.(7), the I'x(.) function is defined by
n!k"(nk)@!
(Z)n,k .

Definition 3 (DIAZ; PARIGUAN, 2007) Let z,y € C, Re(z) > 0, Re(y) > 0, and k > 0, k-beta
function is defined by:

Ti(z) = lim (8)

1
Bk(y,z)zéf we™N(1 = u)iqu. 9)

0

A relation between the k-beta function and k-gamma function, similar to the classical ones,
can be written as it follows:

Buly.2) = e, (10)
Definition 4 Considering the following set of functions,
A= {f(t)/HM,Tl,TQ > 0,1£(1)] < M if t € (=1)7 x [0, oo)},
the Sumudu Transform is defined as (WATUGALA, 1993)
F(u) :=8(f(t)) = /000 f(ut)e™'dt, u € (-11,12) . (11)
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Lemma 1 (BELGACEM; KARABALLI; KALLA, 2003) Let f(t) and g(t) be in A and Sumudu
transform F(u) and G (u), respectively. Then the Sumudu transform of the convolution of f and g
is:

S((f *8)(1) = uF (u)G (u)- (12)
In (ALKAHTANI; GULATI; KILICMAN, 2016) the authors present the following result:

Lemma 2 In the complex plane C, for any R(a) > 0,R(B) > 0and w € C

S |1 Ep, (wf)| =um (1 - wuﬂ)_(s. (13)

3 (k,¥)-Riemann-Liouville fractional integrals

In this section, we introduce the (k, ¥)-fractional integrals by means of a k-fractional integral
which generalizes the classical Riemann-Liouville fractional integral.

Definition 5 ((k, ¥)-Riemann-Liouville fractional integrals) (KWUNetal., 2018)Let f € L'[a, b],
k > 0 and the function ¥ (x) increasing and positive monotone on (a, b] with continuous derivative
Y (x) on (a,b). The left- and right-sided (k,W¥)-Riemann-Liouville fractionals integrals of order

v > 0, of a function f with respect to ¥ on [a, b] are defined by

(/J};q,f) () = 1(y) /ax [ V(&) f(€) 4, x>a,

kT W(x) - W(&)]1F
and
1 YOS
Y .
("‘(Tb‘*"f ) ) = kTi (y) / [W(£) - P(x)]"F de, vt
respectively.

Set W(x) = x”/p with p > 0 and x > 0. Substituting ¥(x) in the expressions given in Definition
5 and rearranging we obtain the left- and right-sided k-fractional integrals

TR e

Py p
A X) = de, x > a, 14

("j" (’0)( ) kTk(y) Ja o (xp —1p)1°% o

and
1-r b p-l (1)

LTV ) (x) = = 2L _dr, x<b, 15

(" b 90)() kTk(y) Joo (1 — xp) 1% )
respectively.
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Definition 6 ((«, p)-Hilfer fractional derivative) (OLIVEIRA, 2018) Let y denote the order of the
fractional derivative, 0 < y < 1, and let B denote its type, with0 < 3 < 1. The (left- and right-sided)
fractional derivatives of ¢ with respect to x, for p > 0, are given by

(ip1f )<x>—(+PJﬁ(k ”( )<k 0TI g (. (16)

for functions such that the expression on the right hand side exists.

The k-fractional derivative generalizes several classical fractional operators (OLIVEIRA, 2018),
specifically, when (k, p) — (1, 1) we obtain Riemann-Liouville and Caputo operators (associated
with translations) and Hadamard operator (associated with dilations) as particular cases.

4 «-Hilfer derivative and particular cases

The «-Hilfer fractional derivative is introduced considering p — 1 in Eq. (16):

( ) (x) ( ﬁ(k Y) ( ) (k~70(1 —B) (k- 7)"0)) ()C) (17)

* For § — 0 the «-Hilfer fractional derivative reduces the «-Riemann-Liouville fractional
derivative given by:

d
(*D].) (x) = (K_dx) (£ T ¢) ). (18)
Using Definition (5) and a — 0 we can be rewrite Eq. (18) as
1 d x k—y
RL =Y
DY ==— —1) k t) dt. 1
(D7) 0= s 3s | =0 et (19)

* For 8 — 1 the k-Hilfer fractional derivative reduces to k-Caputo fractional derivative described
by:

(€DLe¢) ) = (5.7 ke') (. (20)

Using Definition (5) and @ — 0 we can be rewrite (20) as

1 * ky_y
((07¢) 0= = [ =0T ar @

The particular case k — 1 recovers the Caputo fractional derivative:

(076) 0= [ -7 22)
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Proposition 1 The Sumudu transform of the k-Hilfer fractional derivative with 0 < y < 1 and
0 < B < 1is given by

S[(i03%e) 0] = @k ES [e(] = @ EE (TP | @3)

x=0*
Proof 1

{(c21e) 0] =8 [ ] a2 o)

- X (x _ t),B(KK—)/)_l d (1 )(k )
— AT ARA S =B) (k-
“ |l B (dx(”j 7‘”))(”‘”
B q
_ ‘ L4 (1-B) (k~y)
=B =) (dx(kkj y“”)) (”]
) B(K_)/)_l d
— _rc - (1=-p)(k=y)
o8| | S a e s ) o

From that, we can express the Sumudu transforms of each expression above as

xﬁ(K—y)_l o (ux)B(K—y)_l MB(K—Y)_I By
S|—=——| = / Al T — e VN
kL (B(k =) o KL(B(k—7)) ke (B(k =) Jo
B(’(_V)_l _
S r('B(K 7)). (24)
kL (B(k =) K
Using (2) in (24) we obtain
)CM_I uw_l Bk=y)
S - = - TR I, (B(k— )
B |~ B (Ble=7))
Thus,
ﬁ(’(_'}’)_l B(K_?’)_l I_B(K_'Y)
X K u K - K K
S = . 25
T Bk — 7)) P )

Now, we calculate

s [(%(k Kj(l—ﬁ)(k—w@) (t)] = (S (TP ) ()] - (L TAED ) Lm)
-l e (X—f)w_l _ (1-B) (k—y)
- S_/o (T TAUR] Rl PUARRC) |
By
] x o | - (7B
B W PR I R (w7 W(”)Lo+)
o fus | = Sle@1 - (TP e)]| |-
k(1= B) (k= ¥)) ) =0+
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Therefore,

t=0*

s[(%(kkj“-ﬁ)(k-%)) (t)]:[(u-K‘l)‘%S [go(x)]—Ku‘l(J“‘ﬁ)““”so(t))] ] (26)

Finally, it follows from Egs. (25) and (26) that
S[(k03%¢) (] = (- kHF STe] - @ P (FIBED )| @

The special fractional operator given by Eq. (17) is a interpolation between x-Riemann-Liouville
fractional derivative and x-Caputo fractional derivative in agree as properties to follow:

Corollary 1 The Sumudu transform of the k-Caputo fractional derivative with 0 < vy < 1 is given
by

s|(Ep7¢) @] = @ E 1R - rO)]- (28)

5 The exponential and logistic growth

Malthus equation

The Malthusian growth model is defined by
< p() = rp(r) 29)
—_ =r s
dt

where r is growth rate. The analytical solution to equation Eq.(29), with initial condition P(0) = Py
is given by
P(t) = Poe”. (30)

Logistic equation

The classical logistic equation is given by

dpP(t) P(1)
o, (1 _ T)P(r), G31)

where r > 0 and A are Malthusian parameter related with the maximum growth rate and carrying
capacity, respectively. P(t) is the size of population growth at a time z.

1
Taking the change of variables ¢(t) = m the logistic equation (31) can be rewritten as

do(t) r

=—=(1-2¢()), t >0, 32

17 = 7 (1) (32)

with solution given by
AP
P(1) = : (33)

Po+ (1 — Po)e~""
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6 Fractional models: Malthus and Logistic

6.1 Fractional Malthus equation

R. Almeida et al. (ALMEIDA; BASTOS; MONTEIRO, 2016) proposed a fractional Malthus
equation based on Caputo fractional derivative, as it follows:

(CD“P) (1) = rP(1), (34)
with 0 < @ < 1. The analytical solution considering the initial condition Py = P(0) is
P(t) = PoEq (1), (35

where E, (+) is the Mittag-Leffler function one parameter «.

6.2 Fractional logistic equation

In Refs. (CAMARGO; BRUNO-ALFONSO, 2012; TEODORO, 2019; THEODORO; CA-
MARGO, 2020; VARALTA; GOMES; CAMARGO, 2014) , a fractional version using Caputo
derivative is presented:

P(t
(CDP) (1) =r (1 - %) , (36)
where 0 < @ < 1,¢ > 0 and P(?) is a continuous function, with solution given by
AP
P(1) = S (37)

Po+ (A= Po)Eq(-rt%)
The solution given by Eq. (37) is found using Laplace transform and its properties with respect
Mittag-Lefller function.
It is important to emphasize that

) APy
lim =A
1= Py + (A — Po)Eq(—r1?)

Furthermore, when @« — 1, Eq. (37) recovers the solution of the classical logistic equation,
given by Eq. (31).

However, a further analysis in the solution given by (37) shows that a possible analytical solution
for the fractional version does not lie in this presented form. This will be discussed in Sec. 9.

7 «k-Fractional Malthus and Logistic Equations
Definition 7 The Malthus equation based on k-Caputo fractional derivative is defined by
(SoP) () = rP(0), (38)

with 0 < @ < 1 and k > 1. Taking into account the initial condition Py = P(0), its analytical
solution is given by
P(t) = PoEa (rt¥). (39)

where E, (-) is the Mittag-Leffler function with one parameter .
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Definition 8 The Logistic equation in terms of the k-Caputo Derivative Operator is given by

(gz)yp) (1) = rP(1) (1 - #) . (40)

The next step is the linearization of the equation (40) in terms of the k-Caputo Derivative. In
general, the same idea made in the case of integer order is used to find a possible analytical solution

of the fractional logistic equation. However, we will see that the solutions are not equivalent and,
therefore, solving the logistic equation in the fractional case requires more care in the considerations.

Proposition 2 The linear equation in terms of k-Caputo Derivative is given by

(D7) = 7 (1= 2¢(1). (4D

where, 0 <y < 1. Its solution is given by

o(1) = % ¥ ((p(()+) - %) Ex (—r (%)_) . 42)

Proof 2 Applying Sumudu Transform on both sides, we have:

S[D7e(0)] =8 |7 (1= 26(1)|

xR

i)

[#() - ¢(07)] = % = ro(w)

(uk_l)_% D (u) - (uk_l)_% e(0%) = % —r®(u)
®(u) — (0% = (uk_l)% % _r (uk_l)% ®(u). 43)

Then,

xR

(uk_l) r (”k_l)% +
D(u) = > =+ — - ¢(07). (44)
1+r(uk‘1)K z r+(uk‘1) x

Applying Sumudu transform via Lemma 2, we have

o020 [ () ) 35 g ()

Using the following relation,

): |- Ey (—r(é)%), (45)

we obtain

o(1) = % + (¢(0+) - %) Ex (—r (%)") . (46)
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It is convenient to write the solution (46) in the original variable, that is, y(#) in this way we obtain

Ayo

Yo+ (A= y0)Ex (_r <£)'%)’ (47)

y() =

where yg = and ¢(0*) > 0.
¢(0)

Remark-1: In (WEST, 2015), an exact solution for logistic equation is obtained using the
Carleman embedding technique. The solution presented was

P(t) = Z (PO _ l)n E,(—nk®®.). (48)

n=0 PO

In order to validate this exact solution, the author compared it with the numerical solution.
However, in ref. (AREA; LOSADA; NIETO, 2016), it is proven that the solution given by Eq. (48)
is not in fact a solution to the nonlinear equation given by Eq. (40). We can therefore conclude
that the Mittag-Leffer function does not preserve a property arising from the classical exponential
function.

This consequence is caused by the violation the semigroup property by the Mittag—Lefller
function, i. e., we have E, [A(t + 5)¥] # E, [A1(£)?] E4 [A(s5)?] for a € (0, 1), and real constant A.

In addition, we can also state that the exact solution given by Eq. (48) only represents a trivial
case of the logistic equation.

In the book (TARASOV, 2019) , the authors carry out a detailed study to clarify the difference
between the solutions of the following differential equations:

(Cz)ap) (1) = v(a)P(t)(1 = P(1)), (49)

and

(CZ)“u) (1) = v(a)(1 = u(r)). (50)

The authors claim that Eq.(49) and Eq.(50) have non-equivalents solutions and generalizations
of standard out-of-memory models violate the equivalence of fractional differential equations. The
authors also argue that a generalization of the logistic equation which uses the entire case solution
procedure causes the violation of the chain rule, product rule and other rules necessary for the
validity of the solution for the fractional case.

Taking « = 11n Eq.(37), the results which found in references (CAMARGO; BRUNO-ALFONSO,
2012; TEODORO, 2019; THEODORO; CAMARGO, 2020) and (VARALTA; GOMES; CA-
MARGO, 2014) are recovered.

It is noteworthy that the solution given by Eq. (42) was obtained using the Sumudu transform
method, which is both Laplace and Sehu transforms type. In Ref. (COSTA; SOARES; JAROSZ,
2022), a more general Laplace type transform, called Jafari transform, is discussed .
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8 Discrete models

Here, we present the discretization to Malthus and logistic equations based on Caputo fractional
derivative proposed in in Ref. (LI; ZENG, 2015):

I, zf“y,,, (51)
DYy, ~ CD%,, (52)

in which y, := y(¢,), t, = nh, h > 0 and the discretizations 7% and D are defined by

~ ha n—1
1% = m Z bp-i(@)yi+1, (53)
=, h™¢ -
D F(2— ) an 1(1 a')(yl+1 yl) (54)
with weights
bi(B)=(j+1)F = jP. (55)

The fractional Discrete models are given by:

e Discrete fractional Malthus: R
“D? P, =rPy1; (56)

* Discrete fractional logistic:

_ P,
cprp, =rP, ( 3 ‘) . (57)

Comparison between Numerical and analytical solutions to frac-
tional models using real data

In Ref. (ALMEIDA; BASTOS; MONTEIRO, 2016), the author used several databases with
the world population throughout the centuries, provided by the United Nations, from year 1910
until 2010.Taking the initial value as Py = 1750, it was obtained the value r = 1.3501 X 1072
for the classical Malthus model and r = 3.4399 x 1073 for the fractional Malthus model with
a = 1.393298754843208.
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Figure 1: Fractional Malthus models with @ = 1.39, according to Egs. (39) and (56).

Fig. 1 illustrates the efficiency of the numerical solution in relation to analytical solution to
fractional case.

We will now present another example of the population growth, considering fractional logistic
equation. Proposed by D. S. Rodrigues and E. B. Hauser, it is considered a population growth with
support capacity (RODRIGUES; HAUSER, 2014). The values used are r = 0.026 and 4 = 12
billion.
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Figure 2: Fractional logistic models with @ = 0.9, according to Eqgs. (37) and (57).
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Figure 3: Fractional logistic models with @ = 0.95, according to Egs. (37) and (57).
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Figure 4: Fractional logistic models with @ = 1, according to Eqgs. (37) and (57).

e How efficient is the method used?

fractional logistic equation ?

Figs. 2 and 3 show that Eq. (37) differs from the numerical solution. That leads us to the
following questions:

* Is there a possibility that the analytical solution given in Eq. (37) is not the solution for the

Regarding the first question, the method used is based on the discretization of the Caputo
fractional derivative via rectangle method, which has been widely applied in several problems
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involving fractional differential equations, with good results. For the readers interested in the study
of the convergence order of the method, more details can be found in (LI; ZENG, 2015).

In the case of the logistic equation, the solution given by Eq. (33) coincides with both the
numerical and the proposed analytical given by Eq. (37) for @« = 1. However, a visual analysis in
Figs. 2 and 3 draws our attention to a critical analysis on the proposed analytical solution. In Refs.
(AREA; LOSADA; NIETO, 2016; TARASOVA; TARASOV, 2017; NIETO, 2022), some problems
in its use are pointed out.

9 Concluding Remarks

In this work, we propose an even more generalized for fractional models by means of the
fractional x-Caputo derivative, with the aim of obtaining special classes of solutions in order to
better understand what to expect concerning the behavior of the models. In particular, for the
fractional logistic model, the solution proposed in Refs. (CAMARGO; BRUNO-ALFONSO, 2012;
TEODORO, 2019; THEODORO; CAMARGO, 2020; VARALTA; GOMES; CAMARGO, 2014)
does not seem to be completely suitable for real life applications. This raises an important question:
what is the analytical solution for the fractional logistic model? V. E. Tarasov and J. J. Nieto have
been proposing some alternatives in search of this answer. We believe that this present work may help
to give some direction by comparing two or more kinds of solution and improve both methodologies.
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