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Abstract

Recent studies show the importance of the fractional calcula-
tion in the modeling of problems in physics and engineering
among others. These dynamic systems generally need numer-
ical approximations to estimates of your solutions. This work
presents an approximation numerical for k-fractional integral
using as techniques of approximation the rule of the rectangle
and the rule of the trapezoid.
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1 Introduction

The integral (k, p)-fractional, was proposed by Sarikaya in (SARIKAYA et al., 2016) and studied
in (OLIVEIRA, 2018) which is a generalization of fractional integrals k—Riemann-Liouville and
k—Hadamard when p — 1 and p — 0" respectively, furthermore when k — 1 the generalized
fractional integral is recovered proposed by Katugampola in (KATUGAMPOLA, 2014). Many
applications has been investigated considering the fractional calculus (FC). However, the nonlinear
problems need the numerical approach to better understanding to study of problem. As alternative,
the numerical method to fractional k- Riemann- Liouvile integral are present, using two method to
discretization of the fractional operator.

Definition 1.1 Let —c0o <a < b < oo, k,y >0y ¢ € L(a, b), defines the integral k-fractional left
by

O N ()
wT2) ) = 7 | e x> a ()

where the function is the known I'; defined in (DIAZ; PARIGUAN, 2004).

Definition 1.2 Let k > 0, z € C con Re(z) > 0y z # kn with n € Z~, the function Ty is given by
the integral

[se] tk
v (2) :/ e ® dt. (2)
0
The following results are useful for our purposes.

Proposition 1.3 Let k, z as in definition 1.2 write the function Iy in terms of the function " of the
Jorm

[e(2) = ki~'D (%) : 3)

The integral k-fractional to the left fulfills the following semigroup property (SARIKAYA et al.,
2016), (OLIVEIRA, 2018).

Theorem 1.4 Letyi,y> >0y ¢ € L,(a,b), then

(cTH kT2 0) (x) = (TN ) (x). 4)

Following what is stated in (BALEANU et al., 2012) the operator i I, ’ can be interpreted as an
integral operator fifty in some proper sense, for this reason it is quite natural to use approximation
methods based on in quadrature theory, that is, numerical integration theory, such as the rules
Newton-Cotes quadrature, which we will modify a bit given the fractional nature of our operator.

In practice, constant jump interpolation polynomials are used to construct a function ¢ from the
function ¢ on which the integration is carried out, we will carry out the same idea but with polyno-
mial functions in the variable 7.

Let us consider a partition of the interval [a x] where the nodes are given by x; = a + jh,

J=0,1,.... N where we have the jump h = =5*
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2 Rectangle rule for numerical approximation of the operator
integral

Initially, we are going to approximate ¢ by piecewise function, which in each interval [x;,x;.1] is a
polynomial of degree 0, so the function constructed is of the form:

o(t) = @(xj) si xj <t <Xjy1 ®))

in this way to numerically approximate (x.J " ¢) (x) y and we do it through (¢ J"®) (x) which we
will denote by

n(kT9) p, (X)) = (kT 2P) (%) = (kT 1) () (6)

now when calculating (;.7%) (x), we obtain

@(1)
(kj+90)Re ka()/) / (x - l‘)l

7’

X "
ka(V) (x —1)'7%

Xj

Calculating each integral in (7) we have

Xj+l QO( j) Xj+l p-1
/x_ . —t)l"dt go(xj)/ —(x—t)l dt ()

J Xj

taking the change of variable

u = x—-t , du = —dt )
we have
Xj+1 1 k% d
‘,D(Xj)/ T _ SD(XJ) / flz
x; (x — t) k
= (x]) / utdy
= —so(m 2 (10)
k _ %/ Xj+1
= _SO(XJ)M
k
= ;Ra,j,N‘P(xj)
where , y
Rojn=1[(a+Nh)—(a+jh)]c —[(a+Nh)—(a+(j+1)h)]* (11)

RODRIGUEZ-GIRALDO, R. G.; PAREDES, J. M.; GOMEZ PLATA, A. R.; COSTA, F. S. Numerical approximation of the integral generalized
k-fractional Hilfer type. C.Q.D.- Revista Eletronica Paulista de Matematica, Bauru, v. 22, n. 2, p. 253-263, set. 2022. Edi¢do Brazilian Symposium
on Fractional Calculus.
DOI: 10.21167/cqdv22n22022253263 Disponivel em: www. fc.unesp.br/departamentos/matematica/revista-cqd

255



e\
Te\
A

finally substituting (10) in (3), using (3) and the fact that yI'y(y) = I'x (v + k) we have

y T p(x;)
n (kT Le) g, (X) = I ()/) {Z/, oo t)l__dt}

1 [k

Z aj NP (X)) (12)

VFk(?’)

LN ety

== N a,j,N J
Ly +k)
N-1

= ———— Y Rajne(x))

(K)ET (L +1) JZO / /

Summarizing the above we have to

Proposition 2.1 Let —c0o < a < b < o, p,k,y >0, ¢ € L(a,b), x > a,y # —k(kl +1) for
everything k € Z*, h > 0, the numerical approximation of (ija Zgo) (x) with jump h by means of

approximations rectangular is given and denoted by

N-1
1
n (T p) , (¥) = - Z Ry jnp(x)) (13)
k J=0
where , ,
Rajn=[(a+Nh)—(a+jh)]* = [(a+Nh) - (a+(j+1)h)]* (14)
in the particular case that a = 0 we have that
3 N-1
n\kJpee) (X)) = ————— > Ro,;ng(x)) (15)
( 0 )Re k%r(%ﬂ);‘) ! !
where 5 ,
Rin=I[N-jl* - [N-(+D]¥ (16)

in the case that k = 1 we have the numerical approximation of the generalized fractional integral
j;l Y s particular case in (KATUGAMPOLA, 2014) given by:

1

n( aZSD)Re (x) = T+ ; Rk, jne(x;)) (17)
where
Rkqjn=[(a+Nh)—(a+jh)]” =[(a+Nh)—-(a+(j+1)h)]” (18)

and when p = 1 we obtain the numerical approximation of the fractional integral k-Riemann-

Liouvill Y given in (MUBEEN; HABIBULLAH, 2012 Mubeen and Habibullah.
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hZ
0 (kT ) p, (X) = oI X Z Rkrlg jne(x;) (19)

where

Rkrlyjy=[N—-jlk—[N-j-1]% (20)

finally if K = 1 we obtain the numerical approximation of the integral of classical Riemann-Liouville
J, ’ given by

hY N-1
Y
\ =———— ) Rrly; :
W (T2e)re @ = 70 Z; rlaj v () 1)
where
Rkrlajn=[N-jI"=[N-j-1]" (22)

to illustrate all of the above we will compare some integrals with their respective approximations
numerical, for this let’s see some examples of fractional integrals, the following example is weak
version of Theorem 2.4 in (SARIKAYA et al., 2016).

Example 2.2 Let y, 8, k. Then we have

2t
Y (-1 k
(@) 0 = ———o 23)
ki (1)
k
Solution:
By definition and linearity of the fractional integral, we calculate yet
B 1 oot g
T ED) 0= s [ (-
( 0 kTk(y) Jo (x —1)!-%
B (24)
1 X tF—l d
= t
KLi(y) Jo x!=%(1 - Lyl-k
using variable change
y = 1-L [ ay =-1lar (25)
we have
o+B) _ 1
B (x) & ! B_) Y
(D) () = S [ -t
( b (x) ) ) y)¥~dy
1B _
KTy (y) k" k
Py (g) r (%) (26)
S k()
Py ’g)
()

RODRIGUEZ-GIRALDO, R. G.; PAREDES, J. M.; GOMEZ PLATA, A. R.; /COSTA, F. S. Numerical approximation of the integral generalized
k-fractional Hilfer type. C.Q.D.- Revista Eletronica Paulista de Matematica, Bauru, v. 22, n. 2, p. 253-263, set. 2022. Edi¢do Brazilian Symposium
on Fractional Calculus.
DOI: 10.21167/cqdv22n22022253263 Disponivel em: www. fc.unesp.br/departamentos/matematica/revista-cqd

257



War\
A=
A

where By (y, B) is the function k-beta with By (y,B) = LTw(B) p, particular taking for example

i (y+8)
k=0.5,y=0.5,a=0,=0.6 27)
you have
p(x) =x10 (28)
then from the above
L 1 4X%1—‘ (%)
(lf/;,z(zrm)) (x) = (29)
r()
5
graphing this integral in [0, 10] we have
Integral analitica
|

Now let’s see the numerical approximation of the integral in the previous example, for this we
performed Python code in which the function 4J Re was programmed who is in charge of carrying out
the numerical approximation, which has for inputs,h, k, y, a, ¢, x, for convenience in programming
the variables were renamed as follows

h=hk=k,y=g,a=a,B=b,¢p=fi,x=x
and shows as a result the approximation for 4 = 0.001

Integral numerica

2 /

10 4 /
e

and graphing the two on the same plane
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Comparacion

they become indistinguishable As already mentioned in proposition 2.1, the previous code in addition
to giving an approximation numerical of the integral k-Riemann-Liouville fractional integral.

3 Generalized trapezoid rule for numerical approximation of
the integral operator

If we continue with the usual integration theory we should now consider a function 5 such that in
each subinterval [x;, x;,1] we should have the interpolation polynomial of degree 1 however, given
the fractional nature of the operator 7, " we find ourselves in need of generalize this trapezoidal
method and consider functions of potential form with power p, that is, functions of the form ¢ + ¢»t,
for this we will first find a function of this form that go through the points [x;,x;.+1] making an
analogy with the point slope form of the line is more 119 It is convenient to write it as 1 + 2 (-), this
leads us to the following system of equations

o(xj) =ci+ca(x; —xj)

(30)
@(xj+1) = c1 + calxj1 — X))
With which
c1=(x;)
_p(xjen) = o(x)) €)Y
Xj+l = Xj
thus we obtain a potential piece wise approximation ¢ given by:
= e(xj+1) — o(x))
o(t) = p(xj) + ——— (1 — x)), Xj <t <xjp (32)
)C]+1 - Xj
by j=0,....,N - 1.
Now we numerically approximate (¢J%¢) (x) through (¢ J &) (x) which we will denote:
(TP, (0 = (£T0F) (0 = (T L) () (33)
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To calculate (kja Z;’) (x), we have
y _ ! / o0,
T ) = G , (x-t)l—%t

(34
i+l e(xj41) — o(x;)
krk()’) Z/ —1) (x—n\-F |:Q0(Xj) * Xj+l = X (1= dr

to calculate the integral in (34) we have

/xjﬂ L : [so(x]') + plj) = o)) (t —Xj)] dt

N E T A
AL 1 @(xje1) — 50(x ) [
= gp(xj)/ —di + s / / —1( — x;)dt (35)
X; (x—1) "% Xj+l = Xj (x—1)
(xj41) = 90(xj)H
Xj+l = Xj

= @(x;)I+

by I using variable change
u = x—t , du = —dt (36)

Xj+1 1
I-= / L
X; (x — [)1_F

J

- Y
.[ ul_F

k[ S

we have

1]
|
N
%
*
<
IR
|
QU
<

Y xj+1

k(x —1)¥
PY

Xj

(x - x]+1)k_(x x])

*<|(*

by 11 we integrate by parts with

u = t-x; , dv = ﬁdt
o &
— — — x_
du = dt , Vv = >
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SO

Xj+1

_k(x—t)%(z—xj)
Y

Il =

Xj+l
+E// (x—t)%dt
Y Jx;

) J
Xj

z Hok
_k(x_xj+1)k(xj+1 _xj) + k/ w%dw

Y Y

=3 {—(X = Xj+1) E (X401 — Xj) + i1 }
o (39)
k b4 (x —p)&*
= S ) F (g — ) + [
Y * I / 2 +1 N
k ¥ k ¥ Y
= ; {—(X _xj+l)z(xj+l —-Xx;)+ Iy [(x - (xj+1)l+] - (x —xj)zﬂ]}
y y
R e - e 0 E g - )
y(y +k) Y
where was it used
w = x—t , dw = -—dt (40)
substituting (39) and (37) in (35) we have
Xji+1 1 . — .
) ORI ZCOPN
7 J J
v (x=n)lx Xj+l = Xj
= X -
I y(y + k) (xj01 — x;) y 4D
[ S ] PRI
#(x)) py(y + k) (xjs1 — X)) %
Finally adding for 0 < j < N — 1 it follows that
k2 N-1
= P T .
(p(x]))/(’)/+k) ]Zl Ya,j,N
— o(xn) kz(XN - xN—l)%
y(y +k) 42)
2 241 241
- ¢ (x0) € [y =B = o
y(y + k) (x1 = x0) Y
where » » - -
Trasn = (r—x) " = (r—x-)F (= x) T - (- ) R 43)

(o =2x; ) (j=2x3)
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by N > 2, in the case that N = 0 in (34) x = a and so on 4, (kj‘?i(,o)ﬂ (a) = 0 and in the case that
N =1 we have to

_ o p(xj1) — (x)) |
1T () = kT (7) {Z/x ~nlT% [‘p( ) Xjs1 = Xj (t_x])] dt}

K2(xP — ¥ _ z
— (so(xo)—so(xl)){ (4 ~ (o) }—%@{M} (44)

kT (y) y(y +k)
_ 1k — xo)% {k (¢(x0) —@(x1)) QD(XO)}
kT (y) Y (y+k)

finally joining the above we have a numerical approximation of the integral operatorl

Proposition 3.1 Let —o0 < a < b < o0, p,k,y >0, ¢ € L(a,b), x > ay # —k(kl + 1) for
everything k € Z*, h > 0, the numerical approximation of (’,j a’;go) (x) with jump h by means of
approximations generalized trapezoidal is given and denoted by

N-1
n (£ T20) g, (¥) = Ciyp(x)) D Trajn
=
— Cryp(xn) (xy = (xn-1))* (45)
[(XN - E - oy - ) B (v + k) (xy = x0)
- Ck,y(p(xO) (xl _ xO) A
where ) , , )
Trasy = x= () = (e —a ) (g B - () R 46)
(xj —xj-1) (xj+1 = Xj)
and
Cry= # A
T Y+ ()
by N > 2, ifN:Oh(kjaZgo)Tr (x)=0yN=1
y k
1 (T30}, () = Cog s =300 { (ot = ptx) = LD} @)
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